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Abstract

How to define the products of distributions is a difficult and not completely understood problem, and
has been studied from several points of views since Schwartz established the theory of distributions
by treating singular functions as linear and continuous functions on the testing function space.
Many fields, such as differential equations or quantum mechanics, require such multiplications. In
this paper, we use the Temple delta sequence and the convolution given on the regular manifolds
to derive an invariant theorem, that powerfully changes the products of distributions of several
dimensional spaces into the well-defined products of a single variable. With the help of the invariant
theorem, we solve a couple of particular distributional products and hence we are able to obtain
asymptotic expressions for 6(’”(%(1“ —t)) as well as the distribution 5““%%(7*2 — %)) by the
Fourier transform, where the distribution ) (r — ¢) focused on the sphere O, is defined by

(_1)k ak

(6(k) (7" - t)7 ¢) - 1 o w(qﬁrn_l)dot‘
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1 Introduction

We let D(R"™) be the Schwartz space of the testing functions with bounded support in R™ and let
r? =" z7. The distribution 6(r — ¢) concentrated on the sphere O, of r — t = 0 is defined as

(0(r—1t), ¢)= | ¢dO:

Ot
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where dO; is the Euclidean element on the sphere r — ¢t = 0. Let S;(r) be the mean value of
¢(x) € D(R™) on the sphere of radius r given by

Se(r) = Qin /71 ¢(ra)dOq (1.1)

where Q,, = 27‘('%/1_‘(%) is the area of the unit sphere Q (= O;). We can write out an asymptotic
expression for Sy (r) (1), namely

1 17 2 1 (2k) 2k
So(r) ~ 6(0) + 5;56(0)r +‘..+@5¢ )% 4 ...
B R Ak¢(O)T2k . .
= kzzo 2 Kln(n+2)-- (n+ 2k —2) (A is the Laplacian)

which is the well-known Pizzetti’s formula and it plays an important role in the work of Li, Aguirre and
Fisher [(2), (3), (4) and (5)]. Recently, it served as a foundation for building the gravity formula on the
algebra (6).

Remark 1: Pizzetti's formula is not a convergent series for ¢ € D(R"™) from the counterexample

below.
N exp{—ﬁ} |f0<r< 1,
¢(e) = { 0 otherwise.

Clearly, ¢(x) € D(R™) and Sy(r) # 0 for 0 < r < 1, but the series in the formula is identically equal
to zero. Obviously, S4(r) — 0 as » — 0. However, it converges in the space of analytic functions from
the reference (7).

By equation (1.1) and Pizzetti’s formula,

1

Ss(r) = m(é(T*t% ®)
2 SE0) L (), ¢)
AP S D B I
_ 1 2t SX R (1) o
oo, \ T3 &= @k

where S$**)(0) = (6)(r), ¢). Hence

nop1 0 o(2k)
S(r—t) ~ 221 25 (r) g2r.

0(3) & (@)

which is equivalent to Pizzetti’s formula. It follows from reference (8) that

Q,, 520 () x QaAFS(2)T(Z)
e N R Y NP it St A O KA
(2! FRIZFI(Z + k)

which implies
O 2PPRIT(2 4 k)

nF§(z) = BT 5E8 (7). (1.2)
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Therefore,

= AR (2)
n—1
S(r—t) ~ 2m%t Z2Qkk'f‘ TR

Qn tn+1 Qnt’rH»S

= Q" '5(x) + A+ oD

A*§(x) 4 -

271,%1/.n71+2k

k
T owrprE RS 0@

o et P (2k)
= 2" G )
k=0

n—1 Qntn+l

in D'(R™).
Note that 6(r) = d(z), since
(6(r), ¢(x)) = 94(0) = ¢(0) = (6(z), ¢(x)).

Clearly, this also can be seen by setting £ = 0 in equation (1.2).

For any Schwartz testing function ¢, the distribution 6*) (2 — ¢2) focused on the sphere O; of
r =tin R" is defined by

® (2 =), ¢) = (2;1_)]: /O t (2T%T)k(¢Tn2)dOta

which is the solution of the wave equation with the initial conditions described below in a space of
odd dimension (7) for k = (n — 3)/2:

u(z,0) =0, = (=1)"2r" 1 6(2),

where n > 3.

Li recently investigated an asymptotic expression of 6*) (2 — ¢?) in a space of even dimension
and obtained the following result (9).

Theorem 1.1. The following asymptotic expansions hold in a space of even dimension and for k <
(n—2)/2,
6 (% — %)
_1\k n—2—2k ° _ . s 27 .
N (=1)"Qnt Z(n 242j)---(n+25—2k)t NI6(),

2k+1 = 29 4ln(n+2)---(n+2j —2)

and fork > (n—2)/2
58 (2 — %)

_ 1)k n—2—2k e _ . . 25 ]
N (=1)"Qnt Z (n—=2+25) - (n+2j .2k)t NI6().
2k+1 2 5ln(n+2)---(n+2j —2)

._2k—n42
- 2
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We begin in this paper to study an invariant theorem by a delta sequence and the convolution
given on the regular manifolds. By the invariant theorem, we obtain an asymptotic expression of
5(%(7« —t)), where a(r) is a non-zero and smooth function. Furthermore, we get an asymptotic

expression for §*)(r — t) by the Fourier transform and the Bessel function given by
J@)=— T / " eimeos O in® ggp,
vymT(v+3) Jo

which is used to derive an asymptotic expression for 6<’“)(alr) (r —t)). Finally, we can write out an
expression for the distribution 6*) (25 (r* — t2)).

2 The invariant theorem

The problem of defining products of distributions in R™ has been very difficult since there is a serious
lack of definitions for multiplications overall. In this section, we are going to provide an invariant
theorem that first appeared in (10) with an error. This theorem can convert the distributional products
of several variables into the multiplications of a single variable which we are able to deal with by
existing methods such as sequential approaches (3). We should note that Aguirre initially investigated
an invariant theorem by a definition of distributional products (11), which is different from our Definition
(2.3) below. This invariant theorem will be used in section (3) to compute the products occurring in
the asymptotic expressions.

Let p(:c) be a fixed infinitely differentiable function on R with four properties
(i) p(z) =
(ii) p(x )_Ofor |z| > 1,
(i) p(z) = p(—2),
(iv) f plx)dr =1

Obviously, the Temple sequence é.,(z) = mp(mz) is an infinitely differentiable sequence converging
to § in D'(R). Let f be an arbitrary distribution in D’(R). We define

fm(@) = (f #6m)(x) = (f(t), Om(z 1))

form = 1,2,---. It follows that {f,.(z)} is a regular sequence converging to the distribution f in
D'(R). The definition of the product of a distribution and an infinitely differentiable function is as
follows (7).

Definition 2.1. Let f be a distribution in D’(R) and let g be an infinitely differentiable function. Then
the product fg is defined by

(fg, &) = (f, 99)
for all functions ¢ in D(R).

It follows from definition (2.1) that

Lemma 2.1.

kgt ) stmR) ;

0 otherwise
fork, m =0,1,2,---
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Indeed,
(@6 (@), () = (=)™ (@ o) ™|
- (1)mk!<’;:>¢>‘m’“>(0)
= (—1)"K (7:) (6" (), ¢(x)
fork < m.

On the other hand, we have
mké(m)(z) =0

if k> m.

We use the following definition (3) for the commutative neutrix products of distributions in a single
variable.

Definition 2.2. Let f and g be distributions in D’(R) and let f.(z) = (f * dm)(z) and gm(z) =
(g * 6m)(z). Then the commutative neutrix product fg of f and g exists and is equal to A if

N = Jim 2 A(Fng 6)+ (fom, 9} = (b, 0)

for all function ¢ € D(R), where N is the neutrix (12) having domain N’ = {1,2,--- } and range the
real numbers, with negligible functions that are finite linear sums of functions

m " 'm, In"m A>0, r=1,2,--+)
and all functions of m that converge to zero in the normal sense as m tends to infinity. If the normal

limit exists, then it is simply called the commutative product.

To see Definition (2.2) extends Definition (2.1), we let g be a C*° function. Clearly, g, ¢ has an
uniform support and converges to g¢ in D(R). For any f in D'(R), we imply that

(fg: 9) = N = Tm_Z{(fmg, )+ (fgm, 9}
=N = lm L {(fms 99) + (. 9md)} = (F; 99) = (fo 6)-

Let f(¢) be a distribution of one variable and P be a regular manifold given by Gelfand (7). We
define for ¢ € D(R™) (13) that

(F(P), ¢(x)) = (F(1), ¥(t))

where
P(t) = / ¢(x)w and dP-w = dv,
P(z)=t

and dv = dx1 - - - dx, and dP is the differential form of P.

Clearly ¢(t) € D(R), since there is at least one unbounded z; when ¢ is large, which implies that
¢ vanishes.

As an example, we consider the functional r* defined by

(0= [ Pows
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for ReA > —n. Using the spherical coordinates below

x1 = rcosb,
To = rsin 6y cosOs,
r3 = rsin 65 sin 05 cos O3,

Tpn—1 =rsinf,sinfs ---sinb,,_s cos B, _1

Tp =rsinfysinfs---sinf,,_2sinb,_1

we write
(r*, ¢) = /Ooo r’\{/rZIgf)(rw)T"_ldOl}dr
= /Ooo r’\{/r:1 p(rw)wldr = (r, . P(rw)w).

As we will see, the sequence 4., (P) plays an important role in obtaining the invariant theorem. First,
we claim that limy,— o0 0m (P(z)) = 6(P(x)). Indeed,

lim (0 (P(2)), d(x)) = lim (m (), »(1)) = (5(1), »(1)) = (6(P(2)), ¢(x)).

m—r o0

Let f be a distribution of one variable. The convolution f(P(x)) * ¢ is defined by

f(P(l’))*¢>=/;OO f(t)dt/})( )ﬂqb(z—ﬂc)w,

where ¢ € D(R").

Next, we shall prove that lim,, .« dm (P(z)) * f(P(z)) = f(P(x)) if f is a distribution of a single
variable and P is regular. Consider

on(PE) = SP@), 6N = [ [ s [ one—a)wglera
/ f@ dt/P(Z) t Rn& (z — 2)¢p(x)dx w.

Since the sequence
Om(z — x)@p(x)dx

R'n.
converges to ¢(z) in D(R™) as m — oo by the four properties of p(z), it follows that

i (n(P@) < /P, o) = [ s [ o

= (f(P(z)), ¢(z)),
which completes the proof.

The author would like to point out that Aguirre initially showed the following identities

lim 6, (P(z)) = 6(P(x)),

m— o0

lim 6, (P(x))  f(P(z)) = f(P(z))

m— 00

with a different delta sequence (11) while he studied a definition of distributional products by variable
changes in several dimensional spaces.
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Definition 2.3. Let f(¢) and g(t) be distributions of one variable and let P(z) be a regular (n — 1)
dimensional manifold. Then the commutative neutrix product f(P(z))g(P(x)) of f(P(z)) and g(P(z))
is defined as

(F(P(x)g(P(x)), 9)
= N~ lim{(F(P@)) * o (P@)g(P(2)), 6)
HF(P@)(a(P@) *m(P(2))), 6)}

if the left-hand side limit exists for all function ¢ € D(R"™). If the normal limit exists, then it is simply
called the commutative product.

Theorem 2.2. (Invariant Theorem) Assume P(z) is a regular (n — 1) (with n > 1) dimensional
manifold and the commutative neutrix product h(t) = f(t)g(t) exists. Then the commutative neutrix
product f(P(z))g(P(z)) also exists and

Proof. It follows from Definition (2.3) that

(F(P(2)g(P(x)), 9)
= N lim {(f(P@)) o (P@)g(P(2), 6)
HF(P@)(a(P@) *m(P(2))), 6)}

= N = lim {(0)(9(1) * 6 (8)), ()
(1) * (), B(1)}
= (h(t), ¥() = (h(P(z)), 6(x)),
where
v)= [ sw)w for ofx) € DR,
P(z)=t
which completes the proof. O

As a simple example of the use of the invariant theorem, we let P(z) = =1 + 2 + 1, which is
obviously regular. The functional (P) is given by

0(P), $(x)) = / GRS / $(x1, 22)de

z1tze>—1

and the functional §(P) is defined as

(5(P), $(x)) = /

z1+@a+1=0

o(x1,x2)w = /d)(fl — x2,x2)dT2.

It was proved in (3) that

which implies
0(P)3(P) = %5(13)

by the invariant theorem. Note that it seems infeasible or hard to compute this product using existing
methods like the differential form approach discussed in (7).
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3 The distribution 5 (L)(r —1))

Asymptotic analysis is a subject that has found applications for many years in various fields of pure
and applied mathematics, both classical and modern. Estrada and Kanwal presented a simplified
approach, in a distributional sense, to asymptotic techniques for solving problems in different areas
(14) and proved the following fact.

If f € D(R), then
f(m)mzw7 as\ — oo

nl\n+l
n=0
where u,, forn =0,1,2,---, are the moments of f.

In this section, we plan to provide several asymptotic expressions of the distributions on the
sphere by the invariant theorem and the Fourier transform.

Theorem 3.1. Assume a(r) is a non-zero smooth function on R = [0, co) with respect to all z; and
rfori=1,2,---,n. Then

Loy = et -1

2k 25 2k—2j
Z; 2, (3.1)

n
T2

(2k)!

w\§ s

Proof. By the invariant theorem and Lemma (2.1),

2k
5(2T) Z < > (j)(0)5(2k_j)(r).

7=0

Since
(6P (r), p(x)) = STV (0) =0

for k =0,1,2,---, this implies
2k (2k
@r) N _ (25) (2k—27)
a(r)s®" (r) = ;O (2j>a D (0)5@F2D) ().

On the other hand, we are able to derive the product a(r)6"(r) directly without the invariant
theorem. Indeed,

(a(r)d®7(r), ¢(x)) = (3(r), (a(r)Se(r))**)
= (2% a@ () 5@
=) . (r)Sg "7 (r)

=0 r=0
2k
= >, (§I;>“(Q”’( 0)S5* % (0)
3=0
2k
_ (?;) ED(0)(6 ) (r), ¢(x)). (3.2)
j=0

Applying the identity (10)
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we get
St =1) = a(Mi(r—1)
a(r) T = a\r
non—1 X ¢(2k)
a(r)%zi g (T) *
0(3) & (k)
P (2"“) a®P(0)5 ) ()
_ 2 2k
Ty ZZ (2k)! e
k=0 75=0
This completes the proof of Theorem 3.1. O
In particular, we come to
S — 12 = S((r+0)(r—1t) = %5(r—t)
Tt & 6(2k)(r) ok
T(3) 2= (2k)!

_ n 22 t2kAk )
£ PRI (5 + k)

from equation (1.2).

In order to obtain an asymptotic expression of 6(“(%(7« —t)), we are going to apply the Fourier
transform and the following formula

_1\k k
) 87(¢’r’n71)d0t

tn=1t Jo, Ok

6P (r—t), ) =

to derive an asymptotic expansion of 8% (r — ¢).

The Fourier transform of §*) (- — t) in the space of analytic functions is defined as
FO®(r—1) = 0" —t),e™ ) = / 88 (r = t)e'™ .
Ot

Employing the spherical coordinates provided in Section (2), we come to

ak

FEM (r—1) = (1) Q1 =

( irp cos 0 7ﬂn—l)

sin™ 2 0de.

r=t

It follows from the following equation (15)

1 T ixcos @ v 2v
J,(x) = 7/ e x” sin“” 6df
( ) QVﬁF(V + %) 0

that

n—2 n—1 _n (9k n
272 /rl( 5 )p' T ﬁ(TZJ%(TP))

r=t

k
0 eirp cos 6 Tn—l)

s n—2
| 87"“( sin”™* 0d0.

r=t
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Therefore,
k
FEM (- 1) = (<123 r8 0% L (8 gua(ro))|
8T 2 r=t
Since i)
z+
2z2—=1)--(z2—k+1)= TG kt1)
we can directly compute the factor %(r% Jn—2(rp)) to obtain
2 r=t
6k n
S (13 Juz (rp)
r=t
gpn—1-k, 51 > (71)jp2jr(n+2j)t2j
3=

- ifk<n-—1
2% 51T (5 +4)T(n+25 — k) th<n ’

7 i 23 N 42j
o3 (—1)7p¥T'(n + 2j)t it 1
e — — ™y - - >n— 1,
fil 22 IT(5 +5)T(n+25 — k)
2

j=
where [z] represents the ceiling number of z, for example [3.5] = 4. This implies

FE® (r —1))

nel—k (— 1J 23F(n+2j)t7 .
E <n-—
(= 1 it 223]'1“ + ) T(n+25—k) th<n-1,
~ (_1)k2 Zt" 1—k E (_ )ijjF(n—"_Qj)tgj

T2 -4 - itk>n—1
j=hmnly 29 J10(5 +5) T(n + 25 — k)
in Z'(R™).
Again using the identity (7) . o
F(&5(z)) = (=1)’p”

we come to

i Crt kN5 (x) T'(n + 25)t%

e

22 jIT(% +j)T(n+2j — k) Thsn=1,

P —t)~nd T . : (3.3)
> Crp N O(x) T(n +25)t% '

— - - ifk>n—1
o PTG DT 2= )
I=l =

where Cy;x = (—1)"272¢"~'~F_ In particular, we have for k = 0

e o]

%1 %
S(r—t) ~2m2t" Yy

Loz W
which coincides with equation (1.3) in Section (2).
It follows from equation (1.2) that
Critk o= 0@ (1) T(n + 25)t% .
= ifk<n-—1,
r(2) ;) (27)!T(n+2j — k) =n
S (r —t) ~ 7 (25) ~2d (3.4)

Cn,t,k: Z 5 (7”) F(Tl =+ 2j)t .

I'(3)

ifk>n—1.
2N (n+2j —k
jophmn (2)11( J )
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In particular for k£ = 0, we get

e 2k

d(r—t)~ nlz

k:O

6(2k)

Remark 2: The above expression of §*) (r —t) was also investigated by Li and Aguirre in (16), where
they made a minor error and derived an expression which is not asymptotic.

Theorem 3.2. Assume a(r) is a non-zero smooth function on Rt = [0, co) with respect to all x; and
rfori=1,2,--- ,n. Then the following asymptotic expansions hold respectively fork <n — 1,

6(@(%(1« 1) =d"(r )5(k)( —9
25 1 (2m) o ej_om .
Crtok 2 <2m> (ak+ (7”)) . I(n + 27) 6 (1)t
ST ;m:o 2! T(n+2j — k) :

andfork >n—1

5“”(%@ — 1) = A ()5 (r — 1)
C oo 2j <227Jn> <ak+1 (T)) o D(n 4 25) 6372 (r) %
n,t,k r=0
T T(®) > 2 (2/)!IT(n +2j — k)

. k—n+1 =
g M=o

Proof. It follows from the following identity (10) and equations (3.2) and (3.3)
§®) (aP) = a=* D58 (py.

Similarly, we come to

Theorem 3.3. Assume a(r) is a non-zero smooth function on R* = [0, co) with respect to all z; and

rfori =1,2,--- ,n. Then the following asymptotic expansions hold respectively fork <mn — 1,
k+1
w1 o o (a(r) k)
1) (—a(r) (r°=1t%)) = <7r+t> 0V (r—1t)

D(n + 25) 6372 () ¥

()

(29)!'T(n+2j — k) ’

andfork >n—1

5<k)(i(r2 _ )= ( a(r) )k+1 59 (r — 1)

a(r) r+t
(2m)
2j a(r) \**! o 5(20—2m) (N 12
()] e
n,t,k r=0
(%) j:[z:”l}m*() 2HIT(n+25—k)
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4 Conclusions

This paper contains three sections providing several new ideas in the theory of distributions.
a In the section (1), we have proven that the well-known Pizzetti’'s formula is equivalent to the
following
23t SN R (1) o,
(%) k)

2

o(r—t)~

k=0
which can be further described in equation (1.3) by equation (1.2).
b In the section (2), we have studied an invariant theorem by the delta sequence and neutrix calculus

due to van der Corput. This is very useful and powerful in computing the distributional products
of R™ based on the multiplications of a single variable, which is much easier to carry out.

. . . 1 C
¢ In the section (3), two asymptotic expressions for 6(’“)(—(7« — t)) as well as the distribution

a(r)
6(’”(%( % _1?)) have been obtained by the invariant theorem and the Fourier transform. We
should note that the asymptotic expression of 5“”(%(7" —t)) is a generalization of equation

(1.3).

d A challenge problem is how to deduce an asymptotic expression for 6(P), where P is not a sphere
in R™. The author welcomes and appreciates any discussion from interested readers.

Acknowledgment

The author is grateful to Dr. J. Williams who carefully read the paper with several productive
suggestions, which improved the quality of the work.

Competing interests

The author declares that no competing interests exist.

References

[1] Courant R, Hilbert D. Methods of mathematical physics Vol. Il. Interscience, New York; 1962.

[2] Li CK, Fisher B. Examples of the neutrix product of distributions on R™. Rad. Mat. 1990;6:129-
137.

[3] Li CK. A review on the products of distributions. Mathematical Methods in Engineering Springer
2007;71 - 96.

[4] Aguirre MA, Li CK. The distributional products of particular distributions. Appl. Math. Comput.
2007;187:120-126.

[5] Aguirre MA, Marinelli C. The series expansion of §*)(r — ¢). Math. Notae 1991;35:53-61.

[6] Cook AH. The external gravity field of a rotating spheroid to the order of e®. Geophysical Journal
International 2007;2:199-214.

84



British Journal of Mathematics and Computer Science 3(1), 73-85, 2013

[7]1 Gelfand IM, Shilov GE. Generalized functions Vol |. Academic Press, New York; 1964.

[8] Aguirre MA. A convolution product of (2j)-th derivative of Diracs delta in r and multiplicative
distributional product between =% and V(A76). Internat. J. Math. Math. Sci. 2003;13:789-799.

[9] Li CK. An asymptotic product for X5 (r2 — ¢2). IJPAM. 2011;72:65-80.
[10] Li CK. The products of distributions on manifolds and invariant theorem. JAA. 2008;6:77-95.

[11] Aguirre MA. A definition of distributional products by means of change of variables. TJM.
2003;1(2):25-36.

[12] van der Corput JG. Introduction to the neutrix calculus. J. Analyse Math. 1959-60;7:291-398.

[13] Leray J. Hyperbolic differential equations. The Institute for advanced study, Princeton, New
Jersey; 1957

[14] Estrada R, Kanwal RP. Asymptotic analysis: A distributional approach. Birkhauser Boston; 1994

[15] Gradshteyn IS, Ryzhik IM. Tables of integrals, series, and products. Academic Press, New York;
1980.

[16] Li CK, Aguirre MA. The distributional products on spheres and Pizzetti’s formula. J. Comput.
Appl. Math. 2011;235:1482-1489.

©2013 Li; This is an Open Access article distributed under the terms of the Creative Commons Attribution License
http://creativecommons.org/licenses/by/3.0, which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your
browser address bar)

www.sciencedomain.org/review-history.php ?iid=204&id=6&aid=1064

85


http://creativecommons.org/licenses/by/3.0

	Introduction
	The invariant theorem
	The distribution  (k)(1a(r)(r - t))
	CONCLUSIONS

