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Abstract

Let X and Y be independent random variables, X having a gamma distribution with shape
parameter a and Y having a non-central gamma distribution with shape and non-centrality
parameters b and 4§, respectively. Define Z = X/(X + 2Y). Then, the random variable Z has
a non-central beta type 3 distribution, Z ~ NCB3(a, b; §). In this article we derive density functions
of sum, difference, product and quotient of two independent random variables each having non-
central beta type 3 distribution. These density functions are expressed in series involving first
hypergeometric function of Appell.

Keywords: Beta distribution; First hypergeometric function of Appell; Gauss hypergeometric function;
Non-central distribution; transformation.
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1 Introduction

The beta type 1 distribution with parameters (a, b) is defined by the probability density function (p.d.f.)
ua—l(l _ u)b—l
B(a,b) ’
where a > 0, b > 0, and B(a, ) is the beta function defined by
L'(a)L'(b)
T(a+b)’
The beta type 1 distribution is well known in Bayesian methodology as a prior distribution on the
success probability of a binomial distribution. The random variable V' with the p.d.f.
Ua71(1 + U)f(aqu)
B(a,b) ’

Bl(u;a,b) = 0<u<l, (1.1)

B(a,b) = Re(a) >0, Re(b) > 0.

B2(v;a,b) = v >0, (1.2)
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where a > 0 and b > 0, is said to have a beta type 2 distribution with parameters (a, b). Since (1.2)
can be obtained from (1.1) by the transformation V' = U/(1 — U) some authors call the distribution
of V' an inverted beta distribution. The beta type 1 and beta type 2 are very flexible distributions
for positive random variables and have wide applications in statistical analysis, e.g., see [1]. For an
in-depth view the reader is referred to an edited volume by Gupta and Nadarajah [2] which contains a
collection of essays by various authors covering many different aspects and recent work by [3, 4], and
[5]. Systematic treatment of matrix variate generalizations of beta type 1 and beta type 2 distributions
is given in [6]. By using the transformation W = U/(2 — U), the beta type 3 p.d.f. is obtained as ([7],
81, [9D),

2“w’171(1 _ w)bfl

Bla,0)(1 + w)e 0<w<1, (1.3)

B3(w;a,b) =

where ¢ > 0and b > 0.

It is well known that if X and Y are independent random variables having a standard gamma
distribution with shape parameters a and b, respectively, then X/(X +Y) ~ B1(a,b), X/Y ~ B2(a,b)
and X/(X +2Y) ~ B3(a,b).

Now, let U be the random variable with a non-central beta type 1 distribution with the p.d.f.

exp (=) v (1 —u)*!
B(a,b)

NCB1(u;a, b; ) = 1Fi(a+b;0;0(1—u)), 0<u<l, (1.4)
where a > 0,b > 0,0 > 0and the confluent hypergeometric function 1 F1 has the integral representation
([10], Eq. 4.2(1)),

1Fi(a;c2) = L(c) ] /0 t*7 (1 — 1) * exp(zt)dt, Re(c) > Re(a) > 0. (1.5)

I'(a)l'(c—a
Expanding exp(zt) in (1.5) and integrating ¢, the series expansion for 1 F'; is obtained as

o I (a+j) 27
lFl(a,C,Z)—jz::Omﬁ‘ (16)

The non-central beta type 1 distribution is used in computing power of several test statistics. Recently,
Miranda De Sa& in [11] has shown that the sampling distribution of coherence estimate between one
random and one periodic signal is type 1 non-central beta (also see [12]). This distribution also
appears in statistical discrimination and sequential testing of nested linear hypothesis. Nadarajah in
[13] has derived distributions of sum, product, and ratio of two independent non-central beta type 1
variables. By making the transformation V' = U/(1 — U) in (1.4), the non-central beta type 2 p.d.f. is
derived as

exp (—0) v@ (1 + v)~(e+Y
B(a,b)

5
1F1 (a+b,b,m), (U>07 (17)
where a > 0, b > 0 and § > 0. Further, transforming W = U/(2 — U) in (1.4), the non-central beta
type 3 p.d.f. is obtained as

NCB2(v; a,b;0) =

2% exp (—8) w1 — w)b~?!
B(a,b)(1 + w)at?

(1 —w)
14+w

NCB3(w; a, b; ) = 1 (a + b; b; ) , O<w<l, (1.8)
wherea > 0,b>0and § > 0.

In this article, we give distributions of sum, difference, product and quotient of two independent
random variables both having non-central beta type 3 distribution. Some of these results in the central

case are available in [14].
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2 Some known definitions and results

The first hypergeometric function of Appell is defined in a series form as

T1+T2 bl T1 (b2) T1 ZIl'Z;?
Fi(a,b1,ba; 521, 22) = § § " Tl (2.1)
71 () . .

r1=07r2=0
where |z1] < 1 and |z2] < 1 and the Pochhammer symbol (g). represents the rising factorial:

(g = 2L

= +1)---(g+n-—1).
ey q(q+1)---(q )
From (2.1), it follows that

oo b . r
Fi(a,bi,bo;c;21,22) = » %% 2F1(a 471, ba5 ¢+ 115 22)
1!
(
)

[e] T2
_ Z M% oFi(a+r2,bise+ 125 21), (2:2)
. 2.

where 5 F} is the Gauss hypergeometric function. Further, writing

(a)rl +r2 F(C) /1 a+ri+ro—1 c—a—1
= v (1-w) dv, Re(c) > Re(a) >0
()ritrs  D(@)l(c—a) /o
and -
Z (bl)r}(?%) L (1—wvz)"", Joz| <1, i=1,2
r; =0 v
n (2.1), one can derive an integral representation of the first hypergeometric function of Appell as
I'(c) /1 v N1 —w) T de
F b1, ba; c; =
1(@, b1, b2; 6521, 22) T(@)(c—a) Jy (1 —wvz1)b1(1 —vza)b2’
|21] <1, 22| <1, Re(c) > Re(a) > 0. (2.3)
Further, for ¢ = b1 + b2, F1 reduces to a Gauss hypergeometric function. That is
F1(a7 bl,bz;bl —+ bz;Zl,ZQ) = (1 — z2)7a2F1 (a bl,bl —+ bg, 1 ;2) .
2

From the definition, it is easy to see that
Fi(a,bi,b2;c;21,22) = 2F1(a,b2;¢;22), if b1 =0 or 2z =0,
=oFi(a,bi;¢21), if bao=0 or 22=0 (2.4)
and
Fi(a,b1,b2;¢;2,2) = 2F1(a, by + b2; c; 2).

The following representations of the function Fi(a, b1, b2; c; 21, 22) facilitate calculations of F; for
different values of parameters:

Fi(a,bi,basc;z1,22) = (1= 21) " (1 — 20) 2 Fy (C—%bl,bz%C;— 2= >
1—2’1 1—2:2

— sl zZ2 — 21
=(1-21)""F — b1 — b, ba; ¢; — =
( Zl) 1(070 1 2,02;C 1— 2 1_21)

=(1—2)% (1 —2) 2R c—a,c—b1—bg,bg;c;zl;—ZZ_Zl .
11—z
— 22

For further insight into these functions the reader is referred to [15], and [16].
To derive our distributional results we essentially need the following result given in [13].
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Theorem 2.1. Let X and X, be independent random variables having support in (0, 1) and densities
f1 and f2, respectively. Then, the densities of S = X1+ X2, D = X1— X2, P = Xa X2 andQ = X2/ X4
can be expressed as

Iy f1(t) f2(s — t) dt, if 0<s<1,
Js(s) =
(s — 140 fa(l—t)dt, if 1<s<2,
SR ot —d)dt,  if —1<d<0,
fpo(d) =
O T f(d 4 t) f2(t) dt if 0<d<1,
p)=/plﬁt(t)f2(f)dt7 if 0<p<l,
fotfl ) f2(qt) dt if 0<qg<1,
folg) =

Jo!"th (@) faat) b, if g > 1,

respectively.

3 Densities of sum, difference, product and quotient

In this section, we give densities of the sum, difference, product and quotient of two independent
random variables both having non-central beta type 3 distribution.

Using (1.8) and the series expansion of 1 F, the p.d.f. of W, W ~ NCB3(as, bs; d;), can be written
as

oo

2% (1 — )i [(ai +bi + j) J
filw) = I(as:)(1+ w)etdi exp (= 6 gz: L'(b; + 7)5! ]_—|—’LU(SZ ’ (3.1)

where 0 < w < 1,a; >0,b; >0and §; > 0.

Theorem 3.1. Let X; and X. be independent random variables, X; ~ NCB3(a;,bi;0:), i = 1,2.
Further, assume that a1, a2, by and b, are all positive integers. Then, the p.d.f. of S = X1 + Xz is
derived as

Fols) = 201792 oxp (—§; — §p) s*1Te21 i D(ar + b1 + 5)T(az + ba + k)6165 1
SV T(a1)T(az) (14 s)eatte < C(by + 5)T (b2 + k)j'k! (1+s)k

. bli 1 bzi 1 by +] —1 by +k—1 (—S)T1+T2 F(al + rl)F(ag + 7“2)
ro I(a1 +az+7r1+712)

r1=0 ro=0

x (al +ri,a1 + b1 +j,a2+b2+k;a1+a2+r1+rz;—s,1(9?),
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for0 < s < 1, and

exp (=61 — 82) (2 — s)trtb2—1 i T(a1 4 b1 + 5)T(az + bz + k)55 (2 — s)7+F

Is(8) = T aT(ag)  2o-mrgmiihn e T+ )T (e + k)R s
a;—lag—1 .

a; — 1 as — 1 B r1dre F(b1 +ry + j)r(bz —+7ro + k)

T () (e e

. . 2 — 2 —
x F1 <52+T2+/€,a1+bl +j,a2 +ba+kibi+ba+r1+r2+ 5+ k5 — p 87 28)7

forl <s<2.
Proof. From Theorem 2.1, the p.d.f. of S is given by

Iy () f2(s — t) dt, for 0<s<1,

fs(s) =
s — 14+ f(1—t)dt, for 1<s<2,

and therefore in our derivation we consider cases 0 < s < 1 and 1 < s < 2 separately. Using (3.1),
the p.d.f. of S, for 0 < s < 1, is derived as

= [ £t =t

= s/ fi(sw) fa(s(l —w))dw

_2mte exp( 51 — &) i i": (a1 4 by + §)T(az + by + k)57 65 s@taz—t
['(a1)T i (b1 + j)T'(ba + k)jlk! (1 4 s)aztbatk
1, a1—1 bi+j5—1 ag—111 _ _ bo+k—1
X / v (1 = sw) (1= w) i S(al +bli)g dw. (3.2)
0 (1+sw)al+bl+i [1—sw/(1+s)]*"

Now, expanding (1 — sw)***7~! and [1 — s(1 — w)]*2™*" in terms of binomial series, namely,

bi1+j—1 .
(1- Sw)lerJfl _ Z <b1 +TJ 1) (—sw)™,
1
r1=0

and

bao+k—1
L= s(l— )Pt 3 ("2“‘7—1
T2

ro=0

) [=s(1 —w)]",

the integral in (3.2) is evaluated as

bli 1bg+2k:1 b1+]—1 bo+k—1 (_S)r1+7"2
r2

r1=0 ro=0

1 a1+ 1(1 w)a2+r2 1
></ - FPEE— dw
o (14 sw)ertbiti[l —sw/(1+ s)]"*""?

b1§: 1bg+zk: 1 by +] -1 b +k—1 (_S)T1+T2 F(al + T1)F(a2 + 7’2)
ro T(a1 + a2+ 711 +12)

r1=0 ro=0

x Fy <a1+7“17a1 +b1+j,a2+b2+k;a1 +ax+1m +T2;—87%+8>7 (3.3)
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where the last line has been obtained by using (2.3). Now, substituting (3.3) in (3.2), we get the
desired result. Similarly, the p.d.f. of S, for 1 < s < 2, is obtained as

fs(8)=/0 U h(s— 14 0)f0 -t

= (273)/ fils—=14(2—-s)w)f2(1—(2—s)w)dw

oo oo

2a1+a2 exp 61 —(52 Z ZF al +b1+] (CLQ +b2+ k)5]5§ (2—S)b1+b2+j+k_l
1"( (1,2 o bl +])I‘(b2 + k) k! 2az+ba+kgai+bi+j

1wb2+’€*1< o - @2 sl L - (2 - s)(1 - w)]
/ [+ @ s)w/sl+h il — (2 — syw/ZeatoaTF -

=0

Replacing [1 — (2 — s)(1 — w)]** ! and [1 — (2 — s)w]*2~* by their respective binomial expansions,
namely,

1-@-s0-w =Y (‘ 1) 2= 91— w)”

r1=0
and
2l a 1
7 o ag—1 __ 2 = _ _ T2
[1—@2=suw] =" ( vy >[ (2= s)w]
r9=0
and integrating the resulting expression using (2.3), we get the desired result. O

Corollary 3.2. Let X1 and X, be independent random variables, X; ~ B3(a;,b;), ¢ = 1,2. Further,
assume that a1, a2, b1 and by are all positive integers. Then, the p.d.f. of S = X1 + X5 is derived as

2“1+“2F(a1+bl)F a +bz) Sa1+a2_l

s (oz
fs(s) = T(a)D(b1)(az)D(bz) (1 + s)aztb2

bimttz=l 9N (py— 1 r4rp (a1 + 1) (a2 + 12)
oo

r1=07r=0

x F1 <a1+7"1,a1+bl,a2+b2;a1+a2+7’1 +7"2;—s,15?>, 0<s<l1

and

fs(s) = (a1 +b1)T(az 4 ba) (2 — )1 Fb271
T(a1)D(b1)T (a2)T(by) 2b2—a1s5a1+b1

a;—laz—1 as —1 ritro (b1 +71)T(b2 + 12
x> Z( )( ro )HZS)] ’ F((b1+b2)+(r1+r2))

71=0 ro=0

2— 2—
x F1 <bg+r2,a1+b17a2+b2;bl+b2+r1+m;— . 87 28

), 1<s<2.

Theorem 3.3. Let X; and X. be independent random variables, X; ~ NCB3(a;,b;;d:), i = 1,2.
Further, assume that a1, a2, b1 and b are all positive integers. Then, the p.d.f. of D = X, — X5 is
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derived as

oo

201+92 oxpy (=) — 82) (1 4 d)@r+b2—! 5 T(ar + b1 + )T (az + ba + k)61 65
[(a1)T(az) (1 — d)az+b2 T(b1 + §)T(b2 + k)jk!

1+ d k bli 1‘1221 bl +J -1 -1 [_(1 + d)]T1+T2 F(al + TI)F(bQ +re+ k)
—d)* T2 I'(a1+b2+k+7r1+12)

r1=0 7ro=0

fp(d) =

. 1+d
X I (a1+r1,a1+b1 +J,a2 +b2 +kjar +b2 + 1 +r2+k;7(1+d),f—1td)

for—1 < d <0, and

fo(d) = 201792 exp(—8; — d) (1 — d)22tbr—1 i C(ay + by + 5)T(ag + ba + k)6765 (1 — d)?
T (@) (a2) (I+dythn 2= ™ T+ )00z + k) (1+d)

Xalzjlb2§:1 ar — 1 bo+k—1 [_(1_d)]r1+,«2 F(a2+r2)f‘(b1 + 7 —|—j)
T2 Tlag+b1+j+71+712)

r1=0 7ro=0

. . 1—-d
X (a2+r2,a1—|—b1 +j,a2 +ba+kjas+ b1 +11 + 12 +j;—m,—(1—d)>

for0 < d < 1.
Proof. Theorem 2.1 states the p.d.f. of D as
1+df1( t) f2(t — d) dt, for —1<d<0,

fo(d) =
“CRd+f(t)dt,  for 0<d<1,

and therefore we consider cases —1 < d < 0 and 0 < d < 1 separately. Using the non-central beta
type 3 p.d.f. given in (3.1), the p.d.f. of D, for —1 < d < 0, is derived as

1+d
fo(d) = / 1) fa(t — d)dt

=(1 er)/o1 f1(1+ d)yw) f2((1 + d)w — d) dw

_ 9a1taz exp(—d1 — 82) (1 + d)al+b2—1 > i T'(ar + b1+ j)T(az + b2 + k)6{5§ 1+ d)k

T(a)T(az) (I—djeatta 2™ T+ ))0(b + k)R (1—d)F
Pt (1 —w)P2 P — (14 d)w] L — (1 +d) (1 — w)]*2 !
<, T G (g 69

Writing
[1— 1+ dw] VL= (1 +d)(1—w)]*2 "

bi+j—laz—1
=X Z(l““l)( N 1)[ (1 + )2 (1 - ),

r1=0 ro=0

and applying (2.3), the above integral is evaluated as

b1§: lazz:1 by +] -1 -1 [_(1 +d)}r1+r2 F(a1 +T1)F(bz +7ro + k)
o T(ar +b2+k+1r1+72)

r1=0 7r9=0

. 1+d
x Fy (a1 +ri,a1+bi+j,a2+ b+ kjar +ba+ k411 +T2;—(1+d),—ﬁ>. (3.5)
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Finally, substituting (3.5) in (3.4), we get the desired result. Using (3.1) and Theorem 2.1, the p.d.f. of
D, for0 < d < 1, is derived as

1—d
Fo(d) = /0 Fi(d+ 1) fo(t) dt

:<r—@/qﬁw+wl—@Mﬁ«1—®de

2a1+a2 exp(—d1 — d2) ZZ T(a1 + b + )T (az + by + k)6I65 (1 — d)*2tbrti—1
a I'(a1)(az) T(b1 + )L (bz + k)j'k! (1 + d)yar+oi+s

y /1 wag—l(l _ w)bﬁ-] 1[1 _ (1 _ d)(l _ w)]al—l[l _ (1 _ d)w]bg+k~—1
0 1+ (1 —dw/(1+d)]T01+[1 + (1 — dyw]eztbatr

=0 k=0

dw. (3.6)

Now, expanding [1 — (1 —d)(1 —w)]**~* and [1 — (1 — d)w]**T*~* using binomial theorem, the above
integral is expressed as

a1—1botk—1
Z Z <(l1 - 1) <b2 +T]2€ - 1> [_(1 _ d)]?“l??

r1=0 ro=0

" /1 w221 (] — qp)brtriticl .
o 14+ 1 =dw/(1+d)]ar+or+i[l+ (1 — d)w]az+bztk w

alzl b2+f: 1 <a1 _ 1> (bg Tk 1) (1 a L(ay +7a)L(bs + 71+ j)

r1=0 7ro=0 T2 F(a2+b1 +J+m +T2)
. . 1—d
x I a2+7“2,0«1+b1+j,a2+b2+k;a2+b1+T1+T2+];—m,—(1—d) , (3.7)

where the last line has been obtained by using (2.3). Finally, substitution for the integral from (3.7) in
(3.6) yields the desired result. O

Corollary 3.4. Let X1 and X, be independent random variables, X; ~ B3(ai,b;), i = 1,2. Further,
assume that a1, a2, b1 and b are all positive integers. Then, the p.d.f. of D = X, — X is derived as

201F92 (g + b1)T(ag + ba) (1 4 d)*1 0271

d) =
TPl = @M@ T b)T () (1 = et
byj—lag—1
b1 —1 o L(a1 +71)0 (b2 + 72)
X —(14+d)]"*""
pa S | R
14+d
x a1+r1,a1+b1,a2+b2;a1+bg+r1+r2;—(1+d)77m , —1<d<0
and
ai+taz _ qya2+bi—1
fD(d) _ 2 F(al + bl)P(ag + bg) (1 d)

I'(a1)T(az)T'(b1)T(b2) (1 + d)ar+be

a1—1bs—1
« Z Z <al — 1) <b2 - 1) —(1— d)}r1+r2 11:((12 + r2)T(b1 + 1)

=05 ro (a2 + b1+ 71 +12)

—d

x F1 <U/2+T2,al+bl7a2+62§a2+bl +r +T2;—m

,—(1—d)>, 0<d<1
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Theorem 3.5. Let X, and X» be independent random variables, X; ~ NCB3(as,b:;0:), i = 1,2.
Further, assume that a1 is a positive integer. Then, the p.d.f. of P = X; X, can be expressed as

exp(—d1 — d2) pa2_1(1 — p)b1+b2_1 > i I(a1 + b1+ j)T(az + b2 + k)é{ég

fr(p) = I'(a1)T(az) 2b1—az(1 4 p)aztbz == (b1 + 5)T(b2 + k)j!k!
J+k i ai _ _p)]r F(bl +T’+j)F(b2 —+ k)
23 1+pk L1 +be+r+j+k)
1—
x Iy <b1 +r+j,a1+bi+j,a2 + b2+ kb1 +ba 7454k T’_ﬁ) 0<p<l.

Proof. Using (3.1) and Theorem 2.1, the p.d.f. of P is derived as
1
fi (t)

= / e )fz( <1p—p>v) @

_ exp(=61 — d2) p‘” 1(1 —pthr Tt & i T(a1 + b1 + 5)T (a2 + ba + k)1 55
- T(a1)T(a2) 2b1—e2(1 + p)eatbz T'(b1 + 5)T'(b2 + k)jk!

j=0 k=0
L —pyth / WL = 0) 2 L - (1 p)] o
21 +p)* Jo [1= (1@ =pv/2Jutnti[l 4+ (1 —p)o/(1+ p)|eztb=th
Now, expansion of [1 — (1 — p)v]** in binomial series and evaluation of the resulting expression using
(2.3) yield the desired result. O

Corollary 3.6. Let X1 and X, be independent random variables, X; ~ B3(ai,b;), « = 1,2. Further,
assume that a1 is a positive integer. Then, the p.d.f. of P = X, X, can be expressed as

Fo(p) = D(ar + b1)D(az + bo) p®2 71 (1 —p)r 0271 N (g [—(1—p)" (b +71)
PP T(an)D(b1)T(az)  201-a2(1 + p)eeta 2 | 7 PV Ty + by +7)
l-p 1-p
5 1 +p) , O0<p<1.

Theorem 3.7. Let X, and X» be independent random variables, X; ~ NCB3(a;, bi;0;), i = 1,2.
Further, assume that b, and b, are positive integers. Then, the p.d.fto Q = X./X- is given as

x F1 (b1+r,a1+b1,a2+b2;b1+b2+r;

_exp(—d1 — d2) 2‘12 brgoz=! SN T(ay + by + §)T (a2+b2+k)5{5§
fola) = T(an)T(az) a2+b2 JZ;”CZO T(by + j)D(b2 + k)j! k!
L1 bﬁi’l by +k—1)D(ar +az +r)D(by +4) »
27(1 + q)* et r T(a1 +b1+az+7r+7)
1
x F1 (bl+],al+bl+,7,a2+bz+k a1 +bi+ax+j+7; > 1_({_ ), 0<g<l1
and
exp (—61 —52 2a1 bz > = F a1 + b1 -|-j)F(CL2 +b2+k)5{6’2€
folg) = yarto Z TE
F(al)F(ag) 1101 jraur-feward b1 —|—j)F(b2 +I€) k!

L1 bli‘l bi+j—1\T(a1 +az+ )b+ k) _,
28(1 + q)7 r I(a1+a2+ba+7+k)

r=0

1 1
F(bz-l-k‘a1+bl+J7a2+b2+ka1+a2+b2+7’+k Pt 2) q>1.
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Proof. Using (3.1) and Theorem 2.1, the p.d.f. of @, for 0 < ¢ < 1, is derived as

fol@) / th1(t) o (qt) dt

_ gaitaz exp(—d1 — d2) ZZ I(a1 + b1+ j)T(az + b2 + k)5{5§
F(a1 az o b1 +])F(b2 + k) k!

y ag—1 ta1+a2—1(1 )b1+7 1(1 _ qt)b2+k—1 &t
q ) 1+ t)a1+b1+1(1 T qt)a2+b2+k

=0

_exp(—01 — d2) q**~ ZZ T(ar + b1 + 5)T(az + ba + k)61 65
- F(al)I‘(ag) 2b1—az 1-|— q “2+b2 =0 k=0 b1 +])F(b2 + k) k!

1 /1 wb1+j71(1 _ w)a1+a2 1[1 _ q(l _ w)]b2+k—1
0

: : dw.
(1) (T = w/2)a 0l — qu/(q + D]eattars "

Now, applying binomial theorem to [1 — ¢(1 — w)]*27*~! and integrating with respect to w using (2.3),
the final expression for fg(q), for 0 < ¢ < 1, is obtained. The p.d.f. of @, for ¢ > 1, is derived as

1/q
folg) = / th1 (1) 2 (gt) dt

— g / ufy (9) fo (w) du

_ 2mte exp 51 — &) ii T(ar 4 b1 + 5)T(az + bz + k)1 6%
F( bl +]) (bg —|— k) 'k'

7=0 k=0

a1+a b j—1 bo+k—1
gD /1u Pl (1 =g
o (1+u/q)a1+b1+J (1+u)a2+52+k

exp (=61 —d3) 217" Z Z (a1 + b1+ 5)T'(a2 + b2 + k)é{é’;
[(a1)T(az) (g+1)mth T(by + )T (b2 + k)j'k!

y 1 / wb2+k 1(1 _ w)a1+a2 1 [1 _ (1 _ w)/q}bﬁrj*l dw
2k(1 + q)J o 1—w/(qg+ 1)]a1+b1+j (1 — w/2)ee+batk

In this case by writing [1 — (1 — w)/q]** ™~ " as binomial sum and evaluating the resulting expression
using (2.3) we obtain the p.d.f. fo(q), for ¢ > 1. O

Corollary 3.8. Let X1 and X, be independent random variables, X; ~ B3(a;,b;), ¢ = 1,2. Further,
assume that b, is a positive integer. Then, the p.d.fto Q = X1/X. is given as

folg) = T(ar + b1)T(az + ba) 2027 P1g*2~1 bil by — 1 (a1 +az+7r) .
F(a1)r(a2)r(b2) (1 + q)a2+b2 o r F(al + b1 +as + r)
1
F(bl,al+b1,a2+b2,a1+bl+a2+r ), 0<g<1
271+
and
folq) = D(ap +b1)D(az +by) 27172 ! b1 —1 I'(a1 +az+7) .
Q D(a)D(a2)T(by) (g +)mthr & r JT(a1 +az + b +7)

1 1
F(bg—i—ra1+b1,a2+bz,a1+a2+52+7“7 T 2)7 qg>1
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4 Conclusion

By using the traditional method of transformation of variables, we have obtained probability density
functions of sum, difference, product and quotient of two independent random variables both having
non-central beta type 3 distribution. These probability density functions have been expressed in
series involving first hypergeometric function of Appell.
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