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Let (M, g) and (M,, h) be two Hermitian manifolds. The doubly warped product (abbreviated as DWP) Hermitian manifold of
(M,, g) and (M,, h) is the product manifold M, x M, endowed with the warped product Hermitian metric G = f>g + f>h, where
f, and f, are positive smooth functions on M, and M,, respectively. In this paper, the formulae of Levi-Civita connection, Levi-
Civita curvature, the first Levi-Civita Ricci curvature, and Levi-Civita scalar curvature of the DWP-Hermitian manifold are
derived in terms of the corresponding objects of its components. We also prove that if the warped function f; and f, are
holomorphic, then the DWP-Hermitian manifold is Levi-Civita Ricci-flat if and only if (M,, g) and (M,, h) are Levi-Civita
Ricci-flat manifolds. Thus, we give an effective way to construct Levi-Civita Ricci-flat DWP-Hermitian manifold.

1. Introduction

It is well-known that the classification of various Ricci-flat
manifolds are important topics in differential geometry. In
1967, Tani [1] first proposed the concept of Ricci-flat space
in Riemannian geometry. Alvarez-Gaume and Freedman [2]
showed that Ricci-flat space is a kind of space with great signif-
icance in theoretical physics, which attracted many scholars’
research [3, 4]. In 1988, Bando and Kobayashi [5] character-
ized the Ricci-flat metric on Einstein-Kaghler manifold. In
2014, Liu and Yang [6] gave a sufficient and necessary condi-
tion for Hopf manifolds to be Levi-Civita Ricci-flat.

Levi-Civita connection is one of the most natural
and effective tools for studying Riemannian manifolds
[7]. In the complex case, Hsiung et al. [8] studied the
general sectional curvature, the holomorphic sectional
curvature, and holomorphic bisectional curvature of
almost Hermitian manifolds by Levi-Civita connection
and showed the relevance of above sectional curvatures.
In 2012, Liu and Yang [8] gave Ricci-type curvatures
and scalar curvatures of Hermitian manifolds by Levi-
Civita connection (resp. Chern connection and Bismut
connection) and obtained the relevance of these
curvatures.

Warped product and twisted product are important
methods used to construct manifold with special curvature
properties in Riemann geometry and Finsler geometry. In
Riemann geometry, Bishop and O’Neill [9] constructed Rie-
mannian manifolds with negative curvature by warped
product. Then, Brozos-Va’zquez et al. [10] used the warped
product metrics to construct new examples of complete
locally conformally flat manifolds with nonpositive curva-
ture. After that, Leandro et al. [11] proved that an Einstein
warped product manifold is a compact Riemannian mani-
fold and its fibre is a Ricci-flat semi-Riemannian manifold.

On the other hand, warped product was extended to real
Finsler geometry by the work of Asanov [12, 13]. In 2016,
He and Zhong [14] generalized the warped product to com-
plex Finsler geometry and proved that if complex Finsler
manifold (M, F,) and (M,, F,) are projectively flat, then
the DWP-complex Finsler manifold is projectively flat if
and only if the warped functions are positive constants.
Moreover, He and Zhang [15] extended the doubly warped
product to Hermitian case and got the Chern curvature,
Chern Ricci curvature, and Chern Ricci scalar curvature of
DWP-Hermitian manifold. They also gave the necessary
and sufficient condition for a compact nontrivial DWP-
Hermitian manifold to be of constant holomorphic sectional
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curvature. Recently, Xiao et al. [16] systematically studied
holomorphic curvatures of doubly twisted product complex
Finsler manifolds, and they [17] gave the necessary and suf-
ficient condition for doubly twisted product complex Finsler
manifold to be locally dually flat.

Thus, it is natural and interesting to ask the following
question. Let (M, g) and (M,, h) be two Levi-Civita Ricci-
flat Hermitian manifolds, whether the DWP-Hermitian
manifold is also a Levi-Civita Ricci-flat Hermitian manifold.
Our purpose of doing this is to study the possibility of con-
structing Levi-Civita Ricci-flat manifold.

The structure of this paper is as follows. In Section 2, we
briefly recall some basic concepts and notations which we
need in this paper. In Section 3, we derive formulae of
Levi-Civita connection, Levi-Civita curvature, the first
Levi-Civita Ricci curvature, and Levi-Civita scalar curvature
of DWP-Hermitian manifolds. In Section 4, we show that if
the warped function f; and f, are holomorphic, then the
DWP-Hermitian manifold is Levi-Civita Ricci-flat if and
only if (M;,g) and (M,,h) are Levi-Civita Ricci-flat
manifolds.

2. Preliminary

Let (M,],G) be a Hermitian manifold with dimcM =n;
here, J is the complex structure, and G is a Hermitian metric.
For a point p € M, the complexified tangent bundle T§M

=T,M®C is decomposed as
Cap— 710 0,1
T,M=T,"Me&T, M, (1)

where T;‘OM and Tg’lM are the eigenspaces of J correspond-
ing to the eigenvalues v/~1 and —v/—1, respectively.

In this paper, we set 0, = 0/0z* and 0, = 0/0z". Let z =
(z',---,z") be the local holomorphic coordinates on M; then,
the vector fields (0,,:--,0,) form a basis for T;’OM. Levi-

Civita connection V€ on the holomorphic tangent bundle
T};OM is defined by [18]

Vi€ =7V : (M, TVM) (M, T,M® T,M) -~ I'(M, T,M ® T*°M).

(2)

In local coordinate system, its connection is as follows
[18]:

o0 . ., O
Va/az”a [g£ - aﬁﬁ’
3)
vie g — £ =T g
0/0z¢ oz 3.8° E,Ba_zy’

where the Levi-Civita connection coefficients I" Vﬁ and I'? ap
are given by [18]

1 -
FZ‘Bz EGYE(aaGﬁg+aﬁG0@), (4)
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Tep= —Gyg(a Gpe = 0Giga)- )
Let Ke (M, ’T,M®T*"°M & T'°M) be the Levi-
Civita curvature tensor such as
K(X,Y)s = Vi V1% = ViOViCs = Vigys, (6)
where X, Y € TPM ,s € T""M. In the local coordinate system,
the coefficients of K are given by

K, [aﬁr

& A e A e
= —3,I% +T\ It rr} (7)

o By ay” pA By

Definition 1 (see [6]). The first Levi-Civita Ricci curvature
KW on the Hermitian manifold (M, J, G) is defined by

1) _ . /_ 1) 7 an 158
KW =/ 1K pdz*ndzF, (8)
where
( ) GyaKaﬁyﬁ’ (9)
Kays = GesK, (10)

Levi-Civita Ricci scalar curvature S, on T°M is given
by

af 1
chzcﬁKiB)‘ (11)

Definition 2 (see [6]). Hermitian metric G on M is called
Levi-Civita Ricci-flat if

KY(G)=0. (12)

Let (M,,g) and (M,,h) be two Hermitian manifolds
with dimcM, =m and dimgM, = n; then, M =M, x M, is
a Hermitian manifold with dimeM =m + n.

Denote m, : M — M, and m, : M — M, the natural
projections. Note that 7,(z) =z, and 7,(z) =z, for every z
=(z,,2,) € M with z; = (!, ---,z2™) € M, and z, = (2™, -
,Z™) € M,

Denote  dm, : T (M) — TM,, dr, : T*(M) —
T'"M, the holomorphic tangent maps induced by 7, and
7,, respectively. Note that dm,(z,v) = (z;, v,) and dm,(z, v)
=(z,,v,) for every v=(v;,v,) € T*(M) with v, = (v},
V") € T;;OMI and v, = (v"*1,... ymn) € T 0M

Definition 3 (see [15]). Let (M, g) and (M, h) be two Her-
mitian manifolds. f, : M, — (0,+00) and f, : M, — (0,+
00) be two positive smooth functions. The doubly warped
product (abbreviated as DWP) Hermitian manifold (; M,

X 1 M,, G) is the product Hermitian manifold M =M, x
M, endowed with the Hermitian metric G: M — R*
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defined by

Glzv) = (from)* (2)h(m(2), dmy(v)),

(13)

(fre ”2)2(2)9(771 (2), dmy(v)) +

for z=(z;,2z,) €M and v=(v,,v,) € T*’M. f, and f, are
warped functions; the DWP-Hermitian manifold of (M,, g
) and (M,, h) is denoted by (; M, x ; M,, G).

Ifeither f, = 1 or f, = 1, then (; M, X ; M,, G) becomes a

warped product of Hermitian mamfolds (M,, g) and (M,
h). If f,=1 and f, =1, then (; M, x ; M,,G) becomes a

product of Hermitian manifolds (M ( 1 9) and (M,, h). If nei-
ther f; nor f, is constant, then we call (f M, x sz,G)

nontrivial DWP-Hermitian manifolds of (M ( 1»g) and (M
h).

Notation 4. Lowercase Greek indices such as a, 3, and y will
run from 1 to m + n, lowercase Latin indices such as i, j, and
k will run from 1 to m, and lowercase Latin indices with a

prime, such as i', j', and k, will run from m + 1 to m + n.
Quantities associated to (M;,g) and (M,, h) are denoted

with upper indices 1 and 2, respectively, such as I" ;kl and

g2
r ;.,k, are Levi-Civita connection coefficients of (M, g)

and (M,, h), respectively.
Denote

The fundamental tensor matrix of G is given by

2 fzgi" 0
@-(Z)- (™ ° )
oveovt 0 ffhi,j,

and its inverse matrix (GF%) is given by

) -2 _ji 0
(Gﬁa) _ (e ) (16)
0 fiW'

Proposition 5. Let (fM X My, G) be a DWP-Hermitian
manifold of (M, g) and (M,, h). Then, the Levi-Civita con-

3
nection coefficients I Z/S associated to G are given by
Iy = Ff],
=151 25 8%
k= £ 1% S0
¥, = FZ )
5’ =fi gfﬁ 6/’
= e,
s, =rf =0.

Proof. Substituting (15) and (16) into (4), we obtain

1 7
k ke ke
rk= —G (8,Gye +9,Gi0) + 3G (a,.Gj:, + a].GI_:,)

1 ,:/0G; 0G; 1 7{9G5 9G
= _GM( I T SR Ly i
2 (az’ * 0z * 2 0z * 07/

f> 995 of 209
__f22 k1<2f26 ,g]l+f§ a], +2fZaJ xl+f2 aZJI

1 (99 097\ _
-5 (50 v )=,

Similarly, we can obtain other equations of Proposition
5. O

(18)

Plugging (15) and (16) into (5), we have the following
proposition.

Proposition 6. Let (; M, x ; M,,G) be a DWP-Hermitian
manifold of (M,, g) and (M,, h). Then, the Levi-Civita con-
nection coefﬁczents Faﬁ associated to G are given by

ri= r"
k k1 9f,
F— = fzfz Zlh’_"

19,
rk = 2 5%,
i,j f2 a il ]

! _ Fk/ (19)

/r’

! /af
Fé(] _fl fzhkl 12' ]z’

’ af
k' _ 1
F?j =1 ala}

F5.1=FE, =VU.
T

I"k
i



3. Levi-Civita Ricci Scalar Curvature of Doubly
Warped Product Hermitian Manifolds

In this section, we derive formulae of Levi-Civita curvature,
Levi-Civita Ricci curvature, and Levi-Civita Ricci scalar cur-
vature of DWP-Hermitian manifold.

Proposition 7. Let (;,M,; x ; M,,G) be a DWP-Hermitian
manifold of (M;,g) and (M,, h). Then, the coefficients of
Levi-Civita curvature tensor K¢, are given by

afy
/7 0f, 9f.
K, = K,tqs + £ 5. 90 (20)
' of, of, '
o _ d1%1y st 21
Kk’j" k’/s’ +1,°9 7537 hs,j,5k, (21)
_» 40f, 0f
t  _ 219191,
Kklys_ 2 ﬁﬁ k/j/) (22)
/ _ " af af
t 21 t'] 2 2
Kk]s’ —f1 h azl, g gkj’ (23)
19f afz e 1.10f, (093 agi} i
k;s =f1 f2 07 97" 8" Ef oz g 07 oz %
(24)
afzafz 5 t’_ afl ’l’ ah’l’ i
kJS =111 0z 977 0.9y _fl azs oz o7 6”
(25)
af, of 19f, [1 O\ st , o7
o fzfz ! lasz s foI 8_|:§<E)zs +azk{>6f+ azk]’ ’
(26)
7 06, Of 796 [1(09a 094\ 5 09
k15 fle lazzfali sj f1f2 Zﬁ[ﬁ(aztl+azkl)8;+ azk]}’
(27)

Ko _B Inf, t fz zl’afz 51’_ah5’j_’ S
K< 0z5 07 ? oz \ 07/ o "

99" 0 ) o I 5 q0f, (99g . 99;
+f2fh g//|:9 fligtl fi 1 ltli(gk}+ 91>])

Foz 7 azoz 297 5 \or T ok
(28)
o _ ’lnf, S *f 1 19f; (99 _ g 5t
K= g0z O 19 9\ 0z 97 )k
> on'" of, T ’f, 1 Ty O (Mg Oy
1295 === T — t= |
9zF o7 azk' 0z 2 97" \ oz oz
(29)

K =K! , =K'- =K' =K', =K'~ =0.
K ks kj's ki's k' kji's' 0 (30)
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Proof. Using (7), we have

A 1 1
K, = =[0Ik, - 0T, + TLTY, - IATS, + TAT - AT, }

st Ak

(31)

Taking the formulae of Proposition 5 and Proposition 6
into (31), we obtain

1

1
a['t al"t 1 11 .1
t k i pt it it
Kk]s - azjs - azk st It - F}s Fik +strj F]SF1 k
T Of, Of
t 2 Il 2 2 t
- Kk]5 f h 0z l’a i’
(32)

Similarly, we can obtain other equations of Proposition
7. O

Proposition 8. Let (; M, x ; M, G) be a DWP-Hermitian
manifold of (M,, g) and (M,, h). Then,

i afz afz

Kk]sp fz Kk]sp fl fzhx oz i oz i gs]gkp’
9f, 9f,
xl 1 1
k’;’S'P fl k’;” g +f B 35 07 hs} hkp
_ afz afz 6,
kjs'p' ozl 0z kj »’
afl afl h 67

Kisp~ 3zl ozs KTOP
of; 9f, 5t of, (994 agi} i ol
2592 ¢ 7f2az5/ a7 o7 )W

_ af1 afz z afl ’1’ ah I
Kz =fif2 by f—fl e 86 s

afz] afl fziz/ l agﬂ + agﬁ 8[ ags,l 6,’,,
0z 0zk 940 v oz' |2\ 0z°  0zF) ) 0z

Kk]sp fl f2 kp

-3
Kkjs; =f1 f2

. of Of of oh Ohg
k']’s’p fol fakz’ s] P f1_1|:_<azg + azkl>6]7 azk] 81
K 7_=f _azlnfl _f zlafl agsf_agsj

Kisp' ~J UKD 52507 ey 5\ ~ 37

¢ —
+f2 S]lah afzh +6l f2

Y a9k ol
. ih"'l_’S’z, ale (ah,i,,,, oh. lﬂ
2 o \oz oz

0zF g7I' ¥
2 In f i af ohy Ohg
k]sp_fzgkpa 2 f2 kp — 71{

o7/ 0z
agtl of | 1 0°f, 1 530f, (99 _99;
tfihg [azkwg’”‘%’azkaz’ "2 f’ﬁ(?)zi " azk> ‘
Kyjep = K = Ky = Kigg = K = Kig = 0. (33)
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Proof. According to (10), we get

+ Gy K’

=G, K’ b

K, L

kjs — (34)

Kigp =

Substituting (20), (27), and (15) into (34), we have

Zhll afzafz t

1 o Fy
6)=f§1<k;s,—, s ppn 2%

07! ozt gngP
(35)

Kkjs;s:Gr< k]s+fl ala!gsjk

Similarly, we can obtain other equations of Proposition
8. O

Proposition 9. Let (;, M, x ; M,,G) be a DWP-Hermitian

manifold of (M,,g) and (M,, h). Then, the coefficients of

the first Levi-Civita Ricci curvature fo% are given by

(1) 2 0f, 0f, i
Kkj_ flalralf k]h >
(1) _ 20f, af1 sl
Kk’f B k’J 2f2 0zl 0z° klg ’ (36)
(1 _
Kk’f =0,
kY=o
kj

1 2
where K%) and K;jz are coefficients of the first Levi-Civita
J

Ricci curvature of g and h, respectively.

Proof. From (9) and (16), we get

Ky = GPKyjp5= GPKyyg + +GPK, (37)

js'p'”

According to (16) and the first equation of proposition 8,
we have

afzafz i
K +f1 a_la_’ —h .

(38)

5 2 ! 22,7 9f5 Of
GPKkjs[uzfzng<f§Kkjs§ ‘*’fff%hl 2 =2 5 kp)7

5 357 999

Similarly, by using (16) and the third equation of propo-
sition 8, we can get

2 0f, 0f, ﬁhs’l_’.

07" 0z (39)

5’17 -
G Kk]s’p’ _fl

Replacing the summation index i’ on the right side of
(38) with s’ and then taking it and (39) into (37), we can
obtain

W _ 20/, 0f, a7
Ky = 2f12a lz,aj, k]h : (40)

5
Similarly, we can obtain
W) _ ) of, of, 7
1) _ 1 —2Y%1%1,
Kk’7 - Kk’7 +2f 0z! 0z° M9
kY —o (41)
k/} 5
kY=o
Koo
This completes the proof. O

Theorem 10. Let (; M, x ; M,,G) be a DWP-Hermitian
manifold of (M, g) and (M, h). Then, the Levi-Civita Ricci

. .
scalar curvature of G along a nonzero vector v=(v',v' ) €
1,0 . .
T,°M is given by

. : o, 200
S1c(v) =£2°S4(v1) + f1°Su(v2) + 2f1f g I%B_J;
7 of, of °T )
2 -2 —Zhsll’ 2 2 ,
+2f 1S5 35 92

where S,(v;) and S,,(v,) are Levi-Civita Ricci scalar curva-
tures of g and h, respectively.

Proof. According to (11), the Levi-Civita Ricci scalar curva-
ture of G is given by

S0 = GPK) = UK + TR + GUIKG) VK.
]

(43)
Combining (16) and (40), we have
1
Gk]K f—2 k]< +2 IZL]Z f2 g hs’ I>
_ o U af af
_ 2 2151 0J2 9J,
=f2S,(n) +2f 1 f5h 3 oz

Similarly, we can get

!

ij_’K]i) = f7 2 L (v)) +2f; f22 49f19f; (45)

0z lazs
K1) _
GHK,) =0, (46)
Gk =o. (47)
kj
Taking (44)-(47) into (43), we obtain (42). O

Theorem 11. Let (; M, % ;M,,G) be a DWP-Hermitian
manifold of (M,,g) and (M, h). If f, and f, are holo-
morphic functions on M, and M,, respectively, then S;-(v)

=f2°S,(v) + f1°Su(vs).



Proof. If f, and f, are holomorphic functions on M, and M,,
respectively, i.e.,

% =
,l >
0z (48)
afZ =0.
oz'
Thus,
s 40f, Of
2 2 sl 1271 _ 49
2f; 50 =0 (49)
7 of, Of
2 s'l 2 2 _
22" B o, (50)

Substituting (49) into (42), we have S;(v) :fngg(vl)
+ 178 (v). O

4. Levi-Civita Ricci-Flat Doubly Warped
Product Hermitian Manifolds

Let (M, g) and (M,, h) be two Levi-Civita Ricci-flat Hermi-
tian manifolds; one may want to know whether the DWP-
Hermitian manifold (; M; x ; M,, G) is also a Levi-Civita

Ricci-flat Hermitian mamfold We shall give an answer to
this question in this section.

Theorem 12. Let (; M, x ; M,,G) be a DWP-Hermitian

manifold of (M,,g) and (M, h). If f, and f, are holo-
morphic functions on M, and M, respectively, then (; M,

X s M, G) is Levi-Civita Ricciflat if and only if (M,, g)
and (M, h) are Levi-Civita Ricci-flat.

Proof. If f, and f, are holomorphic functions on M, and M,,
respectively, i.e.,

% - O’
‘ (51)
of,
_, = 0_
o7

Taking above equations into the first formula and sec-
ond formula of (36), we get

Lohof,
12 = IZ,a lzlgk]h =0, (52)
Lo of.
2 Y1 1 sl
2f, 97 w79 =0. (53)

Firstly, we assume (; M; x ; M,, G) be Levi-Civita Ricci-
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flat; using Definition 2 and (36), we have

1
K(l) 2f—2 f2 f2 h’MZO,

kj 1 oz 97" I
M _ > 0f1 0f
2 h[l - ’
o= K 2 e - (54)
1 _
Kk,j—O,
kY=o
kj

Substituting (52) and (53) into the first formula and sec-
ond formula of (54), respectively, we get

1) (1 _
Ky = K =0,
( % )
1 1
ka? B Kk'? =0 (55)
1 _
Kkr} - 07
kY=o
kj
Obviously,
1
KW =
] b
) (56)
K%Y =0
K7
According to Definition 2, these mean that (M, g) and

(M,, h) are Levi-Civita Ricci-flat.
Conversely, we assume (M;,g) and (M,, h) are Levi-
Civita Ricci-flat; according to Definition 2, we know that

Ki(;‘) -0, (57)
]
2
K" —o. (58)
K

Since f, and f, are holomorphic, thus (52) and (53) are
established. Then, taking (52), (53), (57), and (58) into
(36), we obtain

(W _
Ky =0,
K" o,
0 59)
Kklj = 0;
kY=o
Ki
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By Definition 2, (59) indicates that (; M, x M), G) is
Levi-Civita Ricci-flat. |

Notation 13. Theorem 12 implies that when warped func-
tions to be holomorphic, then the DWP-Hermitian manifold
is a Levi-Civita Ricci-flat Hermitian manifold if and only if
its component manifolds are Levi-Civita Ricci-flat. Thus,
this theorem provides us an effective way to construct
Levi-Civita Ricci-flat DWP-Hermitian manifold.

5. Conclusions

In this paper, we derived formulae of Levi-Civita connection,
Levi-Civita curvature, the first Levi-Civita Ricci curvature,
and Levi-Civita scalar curvature of the DWP-Hermitian
manifold and proved that if the warped function f; and f,
are holomorphic, then the DWP-Hermitian manifold is
Levi-Civita Ricci-flat if and only if (M, g) and (M,, h) are
Levi-Civita Ricci-flat manifolds. Thus, we gave an effective
way to construct Levi-Civita Ricci-flat DWP-Hermitian
manifold.
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