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1. Introduction

he concept of degree is analogous to the concept of valence in organic chemistry with a limitation that
T degree of any vertex in any chemical graph is at most 4. This gives graph theory a broad way to
chemistry. It is always interesting to find some properties of graphs or molecular graphs which are invariant.
Topological indices and polynomials are foremost among them. Over the last decade there are numerous
research papers devoted to topological indices and polynomials. Several topological indices have been defined
in the literature. For various topological indices one can refer to [1-8].

Let G = (V, E) be a simple, undirected graph. Let V(G) be the vertex set and E(G) be the edge set of the
graph G, respectively. The degree dg(v) of a vertex v € V(G) is the number of edges incident to it in G. Let
{v1,v2,...,v4} be the vertices of G and let d; = dg(v;). A graph G is said to be r— regular if degree of each
vertex in G is . A graph is called cycle if it is 2— regular. A cactus graph is a connected graph in which any
two simple cycles have at most one vertex in common. Every cycle of cactus graph is chordless and every
block of a cactus graph is either an edge or a cycle. If all blocks of a cactus graph are triangular then it is
called triangular cacti. If all the triangles of a triangular cactus graph has at most two cut-vertices and each
cut-vertex is shared by exactly two triangles then we say that triangular cactus graph is a chain triangular

cactus. In chain triangular cactus if we replace triangles by cycles of length 4 then we obtain cacti whose every
block is C4, such cacti are called square cacti. For ortho-chain square cactus the cut vertices are adjacent and a
para-chain square cactus their cut vertices are not adjacent. Recent study on some cactus chain can be found in
[9-11] and references cited therein. For undefined graph theoretic terminology used in this paper can be found
in [12].

The general form of degree-based topological index of a graph is given by

TI(G) = Y, f(dg(u),dg(v))

e=uveG

where f = f(x,y) is a function appropriately chosen for the computation. Table 1 gives the standard
topological indices defined by f(x,y).

The M — polynomial [13] was introduced in 2015 by Deutch and Klavzar and is found useful in
determining many degree-based topological indices (listed in Table 1).
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Definition 1. [13] Let G be a graph. Then M — polynomial of G is defined as

M(G;x,y) = Zmlj )xlyl,

i<j
where m;j,i,j > 1, is the number of edges uv of G such that {dg(u),dc(v)} = {i,j} [14].

Recently, the study of M — polynomial are reported in [15-19].
The Table 1 was given by Deutch and KlavZzar to derive degree based topological indices from the M—
polynomial.

Table 1. [13] Derivation of some degree-based topological indices from M—polynomial.

Notation Topological Index flx,y) Derivation from M(G; x,y)
M;(G) First Zagreb x+y (Dx + Dy)(M(G; x,Y))x=y=1
My (G) Second Zagreb xy (DxDy)(M(G; x,y)) |x=y=1

"M,(G)  Second modified Zagreb % (SxSy) (M(G; x,Y)) |x=y=1
Sp(G)  Symmetric divisionindex (DS, + DySy) (M(G;x,y))lx—y—1
H(G) Harmonic % 25 J(M(G; x,Y))|x=1
I,(G) Inverse sum index Yx—f: SxJDxDy(M(G; x,Y))|x=1
R4 (G) General Randi¢ index (xy)® DDy (M(G; x,y))|x=y=1

Where D, = xafgx )] D, = yafxy , = Iy f Y gt Sy = Oyf(”)dt and J(f(x,y)) = f(x,x) are the

operators.

The Table 2 is given by us in [20] which gives operators to derive general sum connectivity index and the
first general Zagreb index from the M—polynomial.

Table 2. [20] New operator to derive degree-based topological indices from M — polynomial.

Notation Topological Index flx,y) Derivation from M(G; x,y)
X«(G)  General sum connectivity [7] (x+y)~ DY(J(M(G;x,Y)))|x=1
M{(G) First general Zagreb [21] x¢ 4yt (Dal 4 D;‘_l) (M(G;x,¥))|x=y=1

Note 1. Hyper Zagreb index is obtained by taking & = 2 in general sum connectivity index.
Note 2. Taking & = 2, 3 in first general Zagreb index, first Zagreb and forgotten (F — index) topological indices
are obtained respectively.

The general Zagreb index or (a,b)— Zagreb index was introduced by Azari et al. [22], which is a
generalized version of vertex-degree-based topological index and is defined as

Mup(G) = Y (dg(u)'dc(0)’ +dg(u)’dg(v)).
uveE(G)

The importance of general Zagreb index is that from this index, one can derive seven more topological indices
as given in [9]. But in fact, general Zagreb index can also be obtained from the M—polynomial with suitable
operator, which we present in the Table 3.

Table 3. Operator to derive general Zagreb index from M — polynomial.

Notation Topological Index f(x,y) Derivation from M(G; x,y)
M, 5)(G) General Zagreb index [22] Xy xby” (DfCDS + Df;D;)(M(G; X, Y)) lx=y=1

Thus, general Zagreb index can be derived from the M— polynomial. To show this we derive the M—
polynomial of cactus graphs in the next section and compare with the results of Nilanjan De obtained in [9].
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2. M—Polynomials of cactus chains

In this section, we obtain M— polynomials of two general cactus chains namely para cacti chain and
ortho-cacti chain of cycles. We first compute M— polynomial of para cacti chain of cycles denoted by C},
where m is the length of each cycle and 7 is the length of the chain. Every block in C}}, is a cycle Cy,.

The following theorem gives the M— polynomial of Cj,.

Theorem 2. Let Cj, be para cacti chain of cycles for m > 3,n > 2. Then
M(CEx,y) = (mn—4n+4)x%y +4(n — 1)x%y%

Proof. The para cacti chain of cycles Cjj has mn — n + 1 vertices and mn edges. The edge set of Cj;; can be
partitioned as,

‘E{Z,Z}‘ = |{MU S E(C%) : dcﬂ, (M) =2 and dCZ’,, (U) =
‘E{2,4}‘ = |{uv € E(C)) :dcn (u) =2 and dch(U) =

m

H = (mn —4n+4).
H=4mn-1).

Thus, by using definition of M — polynomial we have,

M(Cl;x,y) = (mn —4n + 4)x%y? + 4(n — 1)x%y*.

O
Corollary 3. Let C}j, be para cacti chain of cycles for m > 3,n > 2. Then
M, ,(ClL) = 2(mn — 4n 4 4)2°0 4 4(n — 1)2°0(27 4 2%).
Proof. To derive general Zagreb index from M—polynomial we use the operator given in Table 3. Now,
Myp(Ch) = (DEDS+ DEDS) (M(Clit, )l xyen
= (D?CDS + DfZDf,)((mn —dn +4)x%y* +4(n — 1)x2y4)|x=y=1
= (DZD’;)((mn —4n +4)x%y? +4(n — 1)x%yH)
+(D£D;)((mn —4n +4)x%y* + 4(n — 1)xy?)[x—y—1
= 2(mn —4n+4)2°F0 4 4(n —1)2770 (27 4-2Y).
O

The expression obtained above, i.e.,
M, ,(Ch) = 2(mn — 4n +4)2°H0 4-4(n — 1)277 (27 + 2%)

is same expression obtained in [9], Theorem 1. This shows that the M—polynomial has an extra advantage
than the general Zagreb index as one can derive about 10 (listed in Tables 1, 2 and 3) degree-based topological
indices from the M—polynomial including general Zagreb index so far.

The following corollary gives the several topological indices of para cacti chain of cycles derived from
M—polynomial.

Corollary 4. Let C;, be para cacti chain of cycles for m > 3,n > 2. Then

M;(Cl) = 4mn +8n — 8.

M (Cl) = 4mn + 16n — 16.

mMz(C,ZZ) — mn—42n+2‘

Sp(ClL) =2mn +2n — 2.

H(Cp) = Smnfn8,

1(C) — s

Xa(Cl) = (mn —4n+4)4* +4(n — 1)6%.

NSO L=
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8. M{(Cp) = (mn —4n +4)2* + (n —1)22H1 (2071 4 1),
9. Ry(CI) = (mn —4n +4)22a +(n— 1)23a+2_

Proof. Using the above Theorem 2 and column 4 of Table 1, we get the desired results. O

0

Figure 1. Para-chain square cactus Qj,

Corollary 5. Let Qy, be para-chain square cactus graph for n > 2. Then
M(Qux,y) = 4x** +4(n—1)x%y%
Proof. Taking m = 4 in the Theorem 2, we get the desired result. O

Corollary 6. Let Q,, be para-chain square cactus graph for n > 2. Then
M;(Qn) = 24n —8.

My(Qy) = 32n — 16.
mM2(Qn) = HTH

In(Qn) = 1924,

Xa(Qn) = 4% +4(n —1)6~

ME(Qp) =272 4 (n — 1)22*+1 (28071 4 1),
Ra(Qn) _ 2206+2 4 (Tl _ 1)230c+2.

© 0Nk L=
=
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=
S~—
|
'
o
o)

Figure 2. Para-chain hexagonal cactus graph L.

Corollary 7. Let Q, be para-chain square cactus graph for n > 2. Then
M(Qu;x,y) = (2n+4)x*y? +4(n—1)x%y%

Proof. Taking m = 6 in the Theorem 2, we get the desired result.
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Corollary 8. Let Ly, be para-chain hexagonal cactus graph for n > 3. Then

M;(L,) = 32n —8.
My (L,) = 40n — 16.
mMZ(Ln) — 2n2+1_
Sp(Ly) = 14n — 2.
H(Ln) = 272

I (L ) _ 22n—4
n\{tn 3 -
Xa(Ln) = (2n+4)4* +4(n — 1)6~.
M&(Ly) = (2n+4)2% + (n — 1)220F1 (2071 4 1),
Ry(Ly) = (21 4 4)2%% 4 (n — 1)2%¢+2,

© X NSO =

We now consider the ortho-chain cycles with cut-vertices are adjacent. Let COj, be ortho-chain cactus
graph, where m is the length of each cycle and # is the length of the chain. It is easy to see that |V(CO},)| =
mn —n+1and |E(CO},)| = mn. In the following theorem we obtain M—polynomial of COJ,.

Theorem 9. Let CO}}, be ortho cacti chain of cycles for m > 3,n > 2. Then
M(COL;x,y) = (mn—3n+2)x*y* +2nx’y* + (n — 1)xy*.

Proof. The CO}, be ortho-chain cacti of cycles has mn — n + 1 vertices and mn edges. The edge partition of
COy, is given by,

Eppy = {uv € E(COy) :dcoy (1) =2 and dcoy (v) = 2},
Epgy = {uv € E(COy) dcoy (1) =2 and dcon (v) = 4},
Eqs4y = {uv € E(COy,) dcoy (1) =4 and dcon (v) = 4},
Now, [Efpoy| = mn—3m+2,
|E{2,4}| = 2n,
|[Efgay] = n—1

Thus, the M — polynomial of CO;},, is
M(COL; x,y) = (mn —3n +2)x%y? + 2nx?y* + (n — 1)x*y™h.

O
Corollary 10. Let CO}}, be ortho cacti chain of cycles for m > 3,n > 2. Then
1. M;(CO%) = 4mn + 8n — 8.
2. Mp(COL) = 4mn + 20n — 24.
3. mMz(CO:ln) — 4mn;6771+7'
4. Sp(COL) = 2mn + n.
5. H(COp) = 76’"";%"*9.
6. I,(CO},) = mtsn,
7. xa(COL) = (mn —3n+2)4" + 2n6"* + (n — 1)8%.
8. MY(COL) = (mn —3n+2)2% 4+ (n —1)22~1 4 n2*(2%~1 4 1),
9. Ry(COI) = (mn — 3n + 2)22% 4+ n23+1 4 (n —1)42%,
Proof. Using the Theorem 9 and column 4 of Table 1, we get the desired results.
O

Now, we consider chain triangular cactus as shown in Figure 3, denoted by T,, where 7 is the length of
the T;,. T, is special case of COj;, for m = 3.

Corollary 11. Let Ty, be the chain triangular cactus for n > 2. Then

M(Tyxy) = 2% + 20" + (n — 1)y’
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Proof. The proof follows by substituting m = 3 in Theorem 9.

Corollary 12. Let T, be the chain triangular cactus for n > 2. Then

Corollary 13. Let O, be the ortho-chain square cactus for n > 2. Then

Proof. The proof follows by substituting m = 4 in Theorem 9.

Corollary 14. Let Oy, be the ortho-chain square cactus for n > 2. Then

© % NSO W=

Figure 3. Chain triangular Cactus Tj,.

. My(Ty,) = 20n — 8.
. My(T,) = 32n — 24.

mMZ(Tn> — Snd7

16
SD(Tn) =7n.
H(T,) = 4582,

I(Ty) = 132

Xa(Ty) = 22271 4+ 2n6% + (n — 1)8%.

M§(T,) = 2% 4 (n — 1)22071 4 2% (2071 1),
Ry (Ty) = 2281 - 2341 4 (i — 1)42%,

—»
» » &
*-—8 -— @

Figure 4. Ortho chain square cactus O;,.

M(Oy;x,y) = (n+2)x%% +2nxy* + (n — 1)x*yh

1. M;(O,) = 24n — 8.
2. My(0,) = 36n —24.
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MM (Op) = 25

SD(On) = 9n.

H(On) = %

I,(0,) = 12

Xa(On) = (n+2)4 4+ 2n6" + (n — 1)8".

M§(Op) = (n+2)2% + (n — 1)22¢~1 4 2% (2071 4 1).
Ry(Oy) = (n+2)22% 4+ n23%+1 4 (n — 1)42%,

© 2Nk

The graph Q(m, n) is derived from K,, and m copies of K, by identifying every vertex of K,, with a vertex
of one K, [11]. Here we compute the M— polynomial of the graph Q(m, n) and derive some other topological
indices from it. The graph Q(m, n) is depicted in Figure 5.

Figure 5. An example of Q(m, n) graph

Theorem 15. Let Q(m, n) be ortho-chain for m,n > 2. Then

m(n—1)(n—2 n—1. n— n—1, m+n— m(n—1 m+n—2. m+n—
M(Q(m,n);x,y) = %x Lyt fm(n - 1)x ly™t 2+¥x Ry,

Proof. The edge partition of Q(m, n) is partitioned into the following subsets,

Ey = {uv € E(Q(m,n)) :dgu (1) =douma(v) = (n—1)},
Ey = {uve€E(Q(mn)):dgpu(u)=(mn—1) and dg,,(v) = (m+n—2)},
Ex = {w0€ E(QUmm)) : g (1) = A (0) = (m+n—2)},
Now, |E;| = M,
|Eao| = m(”—l)f
|Es| = m(n#_l)

Thus, the M — polynomial of Q(m, n) is

M(Q(m, n);x, y) _ m("—lz)(”—z) xn—lyn—l + m(n _ 1)xn—1ym+n—2 + m(nz—l) xm+n—2ym+n—2.
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O

In the para-cacti chain C}}, if we join a new vertex and each cycle of length m > 3, (C,, + K7 ) then we call
it as wheel chain, denoted by W};,. The number of vertices and edges of W}, are mn 4 1 and 2mn, respectively.
In the following theorem we calculate the M—polynomial of Wy;.

Theorem 16. Let W}, be wheel chain for m > 3,n > 2. Then
MW} x,y) = 2(m(n—1)—3n +4)x3y3 +4(n— 1)x3y6 +2(m— 1)x3ym +2(n— 1)x6ym.

Proof. The edge partition of W)} is partitioned into the following subsets,

Ei = {uwv € E(W) : duy () = duy (o) = 3},
E, {uv € E(Wy,) - dwn (u) =3 and dyn (v) = 6},
E3 = {uve E(Wy) dws(u) =3 and dyn(v) =m},
Ey = {uve E(Wy) :dws(u) =6 and dyn(v) = m},
Now, |Ei|] = mn—4n—+4,
|E2| = 4(n—1),
|Es| = mn—2n+2,
[Esl = 2(n—1).

Thus, the M — polynomial of W}, is
MWL x,y) = (mn —4dn +4) 33y +4(n — 1)x3y° + (mn — 2n + 2)x3y™ +2(n — 1)x%y™.

Figure 6. Wheel chain graph Wy'.

Taking m = 4 in the Theorem 16, we get the following corollary for M— polynomial of Wy'. The graph W}’
is shown in Figure 6.

Corollary 17. Let Wy’ be the wheel chain graph for n > 2. Then
MW xy) = 4% +4(n — 1)y +2(n + 1)%y* +2(n — 1)x%%

Using Theorem 16 and Tables 1, 2 and 3 one can easily obtain topological indices of wheel chain graph
W} Since it is a routine task, we omit the calculation here.

3. Conclusion

In this paper, we have obtained M—polynomials of some cactus graphs. We have shown that the general
Zagreb index can also be derived from the M—polynomial of a graph. As an example, we have derived general
Zagreb index of cactus graphs from the M— polynomial of cactus graphs. The Theorem 1 obtained in [9] is
the same as the corollary 3 proved in this paper. Thus generalising the results of general Zagreb index of some
cactus graphs.
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