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Abstract
In this work, we consider an general iterative method for finding a common element of the set of
common fixed points of a one-parameter nonexpansive semigroup problem, a system of variational
inequality problems, a variational inequality problem and the set of solutions of a suitable equilibrium
problem in a real Hilbert space. Further we establish a strong convergence theorem based on this
method. Our results improve and extend corresponding ones announced by many others.
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1 Introduction
Throughout the paper unless otherwise stated, let H be a real Hilbert space with norm ‖.‖ and inner
product 〈., .〉 . Let C be a nonempty, closed and convex subset of H. Let {xn} be any sequence
in H, then xn → x(respectively, xn ⇀ x)will denote strong (respectively, weak) convergence of the
sequence {xn}.

A mapping T : C → C is called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖, ∀x, y ∈ C. (1.1)

One parameter family Γ := {T (t) : 0 ≤ t <∞} is said a (continuous) Lipschitzian semigroup on C of
mappings from C into C if the following conditions are satisfied:
(1) T (0)x = x for all x ∈ C;
(2) T (s+ t) = T (s)T (t) for all s, t ≥ 0;
(3) for each t > 0, there exists a bounded measurable function Lt : (0,∞) → [0,∞) such that
‖T (t)x− T (t)y‖ ≤ Lt‖x− y‖, x, y ∈ C;
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(4) for each x ∈ C, the mapping T (.)x from [0,∞) into C is continuous.
A Lipschitzian semigroup Γ is called nonexpansive (or contractive) if Lt = 1 for all t > 0 and
asymptotically nonexpansive if lim supt→∞ Lt ≤ 1, respectively. Let F (Γ) denote the common fixed
point set of the semigroup Γ , i.e., F (Γ) := {x ∈ C : T (t)x = x, ∀t > 0}.

Let A : C → H be a nonlinear mapping. Then A is called
(1) monotone, if

〈Ax−Ay, x− y〉 ≥ 0, ∀x, y ∈ H;

(2) α-strongly monotone, if there exists a constant α > 0 such that

〈Ax−Ay, x− y〉 ≥ α‖x− y‖2, ∀x, y ∈ H;

(3) α-inverse strongly monotone, if there exists a constant α > 0 such that

〈Ax−Ay, x− y〉 ≥ α‖Ax−Ay‖2, ∀x, y ∈ H;

(4) k-Lipschitz continuous, if there exists a constant k > 0 such that

‖Ax−Ay‖ ≤ k‖x− y‖, ∀x, y ∈ H.

An operator T is strongly positive on H if there is a constant γ̄ with property

〈Tx, x〉 ≥ γ̄‖x‖2, ∀x ∈ H.

Given a nonlinear mapping ϕ : C → H. Then the variational inequality problem (in short, VIP) is
to find x ∈ C such that

〈ϕx, y − x〉 ≥ 0, ∀y ∈ C. (1.1)

The solution of VIP(1.1) is denoted by V I(C,ϕ). It is well known that if ϕ is strongly monotone and
Lipschitz continuous mapping on C then VIP(1.1) has a unique solution. There are several different
approaches towards solving this problem in finite dimensional and infinite dimensional spaces see,
e.g. [1-9] and the research in this direction is intensively continued.

Next we consider the following system of variational inequality problems (in short, SVIP): find
(x∗, y∗) ∈ C × C such that{

〈ρ1B1y
∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈ρ2B2x
∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C, (1.2)

where Bi : C → C is a nonlinear mapping and ρi > 0 for each i = 1, 2. The set of solutions of
SVIP(1.2) is denoted by Ψ.

Some special cases of SVIP(1.2):
(i) IfB1 = B2 = B then SVIP(1.2) is reduced to the system of problems of finding (x∗, y∗) ∈ C×C

such that {
〈ρ1By

∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,
〈ρ2Bx

∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C, (1.3)

which is considered and studied by Verma [10].
(ii) If x∗ = y∗ in problem (1.3) then problem (1.3) is reduced to the following classical variational

inequality problem of finding x∗ ∈ C such that

〈Bx∗, x− x∗〉 ≥ 0, ∀x ∈ C.

In order to find the solution of SVIP(1.2), Ceng et al. [11] introduced an approximation method known
as relaxed extragradient method. Some related works, we refer to see [12-14,28-33].

Let F be a bifunction from C×C to R, where R is the set of real numbers. Moudafi in [15] studies
the equilibrium problem

to find x∗ ∈ C such that F (x∗, y) + 〈Ax∗, y − x∗〉 ≥ 0, ∀y ∈ C
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where A is an α-inverse strongly monotone operator. In [16-18], the authors study the mixed problem

to find x∗ ∈ C such that F (x∗, y) + ϕ(x∗)− ϕ(y) ≥ 0, ∀y ∈ C

with ϕ being an opportune mapping.
Here, we study the equilibrium problem

to find x∗ ∈ C such that F (x∗, y) + h(x∗, y) ≥ 0, ∀y ∈ C

that includes all previous equilibrium problems as particular cases.
In this paper motivated by the work of K.R. Kazmi and S.H. Rizvi [19] and Giuseppe Marinoa,

Luigi Muglia and YongHong Yao [20], we introduce a iterative scheme for finding a common element of
the set of common fixed points of a one-parameter nonexpansive semigroup, a system of variational
inequality problems, a variational inequality problem and the set of solutions of suitable equilibrium
problem in a real Hilbert space. We establish a strong convergence theorem based on this method.
Our results extend and improve the corresponding results of K.R. Kazmi and S.H. Rizvi [19] and many
others.

2 Preliminaries
Let H be a real Hilbert space. It is well known that

‖x− y‖2 = ‖x‖2 − ‖y‖2 − 2〈x− y, y〉 (2.1)

and
‖λx+ (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x− y‖2 (2.2)

for all x, y ∈ H and λ ∈ [0, 1].
Let C be a nonempty closed convex subset of H. For every point x ∈ H, there exists a unique

nearest point in C, denoted by PCx, such that

‖x− PCx‖ ≤ ‖x− y‖ for all y ∈ C. (2.3)

P is called a metric projection of H onto C. It is well known that PC is a nonexpansive mapping of H
onto C and satisfies

〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2 (2.4)

for every x, y ∈ H. Moreover, PCx is characterized by the following properties: PCx ∈ C and

〈x− PCx, y − PCx〉 ≤ 0, (2.5)

‖x− y‖2 ≥ ‖x− PCx‖2 + ‖y − PCx‖2 (2.6)

for all x ∈ H, y ∈ C. It is easy to see that

u ∈ V I(C,ϕ)⇔ u = PC(u− λϕu) for allλ > 0.

A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H, f ∈ Tx and g ∈ Ty
imply 〈x − y, f − g〉 ≥ 0. A monotone mapping T : H → 2H is maximal if the graph G(T ) of T is
not properly contained in the graph of any other monotone mapping. It is known that a monotone
mapping T is maximal if and only if, for (x, f) ∈ H × H, 〈x − y, f − g〉 ≥ 0 for every (y, g) ∈ G(T )
implies f ∈ Tx. Let A be a monotone mapping of C into H and let NCv be the normal cone to C at
v ∈ C, i.e.,

NCv = {ω ∈ H : 〈v − u, ω〉 ≥ 0, ∀u ∈ C}
and define

Tv =

{
Av +NCv, v ∈ C,
∅, v /∈ C.

Then T is maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C,A)(see,for example [27]).
The following lemmas will be useful for proving the convergence results of this paper.
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Lemma 2.1. ([11]). For any (x∗, y∗) ∈ C × C,(x∗, y∗) is a solution of SVIP(1.2) if and only if x∗ is a
fixed point of the mapping Q : C → C defined by

Q(x) = PC [PC(x− µ2B2x)− µ1B1PC(x− µ2B2x)], ∀x ∈ C, (2.7)

where y∗ = PC(x∗−µ2B2x
∗), µi ∈ (0, 2βi) and Bi : C → H is a nonlinear mapping for each i = 1, 2.

Lemma 2.2. ([21]). Let C be a convex closed subset of a Hilbert space H.
Let F : C × C → R be a bi-function such that

(f1) F (x, x) = 0 for all x ∈ C;
(f2) F is monotone and upper hemicontinuous in the first variable;
(f3) F is lower semicontinuous and convex in the second variable.
Let h : C × C → R be a bi-function such that
(h1) h(x, x) = 0 for all x ∈ C;
(h2) h is monotone and weakly upper semicontinuous in the first variable;
(h3) h is convex in the second variable
Moreover, let us suppose that
(H) for fixed r > 0 and x ∈ C, there exists a bounded D ⊂ C and a ∈ D such that for all z ∈ C\D,
−F (a, z) + h(z, a) + 1

r
〈a− z, z − x〉 < 0.

For r > 0 and x ∈ H, let Tr : H → 2C be a mapping defined by

Trx = {z ∈ C,F (z, y) + h(z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C} (2.8)

called resolvent of F and h.
Then

(1) Trx 6= ∅;
(2) Trx is a singleton;
(3) Tr is firmly nonexpansive;
(4) EP (F, h) = Fix(Tr) and it is closed and convex, where EP (F, h) = {z ∈ C,F (z, y) + h(z, y) ≥
0,∀y ∈ C}.

Lemma 2.3. ([21]). Let us suppose that (f1)-(f3), (h1)-(h3) and (H) hold. Let x, y ∈ H, r1, r2 > 0.
Then

‖Tr2y − Tr1x‖ ≤ ‖y − x‖+ |r2 − r1

r2
|‖Tr2y − y‖.

Remark 2.1. In the sequel, given a sequence {zn}, we will denote with ωw{zn} the set of cluster
points of {zn} with respect to the weak topology, i.e.

ωw{zn} = {q ∈ H : there exists nk →∞for which znk ⇀ q}.

Lemma 2.4. (see[20,Lemma 2.5]). Suppose that the hypotheses of Lemma 2.2 are satisfied. Let
{rn} a sequence in (0,+∞) with lim infn→∞ rn > 0. Suppose that {xn} is a bounded sequence.
Then the following statements are equivalent and true:
(a) if ‖xn − Trnxn‖ → 0, as n→∞, the weak cluster points of {xn} satisfies the problem

F (x, y) + h(x, y) ≥ 0 ∀y ∈ C

i.e. ωw{xn} ⊆ EP (F, h).
(b) the demiclosedness principle holds in the sense that, if xn ⇀ x. and ‖xn − Trnxn‖ → 0, as
n→∞, then (I − Trk )x∗ = 0, for all k ∈ N.
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Lemma 2.5. (Shimizu and Takahashi, [22]). Let D be a nonempty, bounded, closed and convex
subset of a real Hilbert space H and let = := {T (u) : 0 ≤ u <∞} a nonexpansive semigroup on D,
then for any h ≥ 0,

lim sup
t→∞x∈D

‖T (h)(
1

t

∫ t

0

T (u)xdu)− (
1

t

∫ t

0

T (u)xdu)‖ = 0.

Lemma 2.6. ([23]). Let H be a Hilbert space, C a closed convex subset of H, and T : C → C
a nonexpansive mapping with F (T ) 6= ∅; if {xn} is a sequence in C weakly converging to x and if
{(I − T )xn} converges strongly to y, then (I − T )x = y.

Lemma 2.7. ([Xu,24]). Let {an} be a sequence of non-negative real numbers satisfying

an+1 ≤ (1− δn)an + bn + σn, n ∈ N,

where {δn}∞n=1 ⊂ (0, 1) and {bn}∞n=1 , {σn}∞n=1 is a sequence in R such that : (i) limn→∞ δn = 0 and∑∞
n=0 δn =∞, (ii) lim supn→∞

bn
δn
≤ 0 ,(iii)σn ≥ 0,

∑∞
n=0 σn <∞. Then limn→∞ an = 0.

Lemma 2.8. ([25]). Assume that T is a strongly positive linear bounded operator on a Hilbert space
H with coefficient γ̄ > 0 and 0 < ρ ≤ ‖T‖−1. Then ‖I − ρT‖ ≤ 1− ργ̄ .

Lemma 2.9. Let H be a real Hilbert space. Then the following inequalities hold:
(1) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉;
(2) ‖x+ y‖2 ≥ ‖x‖2 + 2〈y, x〉,
for all x, y ∈ H.

3 Main result
Theorem 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H. For each
i = 1, 2, let A,Bi : C → H be α, βi-inverse strongly monotone mappings, respectively. Let F, h be a
bi-function from C ×C to R satisfying the hypotheses of Lemma 2.2. , and = =: {T (u) : 0 ≤ u <∞}
be a one-parameter nonexpansive semigroup onH such that Ω := F (=)∩EP (F, h)∩V I(C,A)∩Ψ 6=
∅ . Let φ : H → H be a nonexpansive mapping and T be a strongly bounded linear operator on H
with coefficient γ̄ such that 0 < γ < θγ̄ and 0 < θ ≤ ‖T‖−1. Let {rn} ⊂ (0,∞) be a real sequence
such that lim infn→∞ rn > 0 . Suppose {xn}, {un}, {yn} and {zn} be sequences generated by

x1 = x ∈ H,
F (un, y) + h(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

zn = PC(un − λnAun),
yn = δnzn + (1− δn)PC [PC(zn − µ2B2zn)− µ1B1PC(zn − µ2B2zn)],

xn+1 = βnxn + (1− βn)( 1
tn

∫ tn
0
T (u)[αnγφ(xn) + (I − αnθT )yn]du),

(3.1)

where µi ∈ (0, 2βi), for each i = 1, 2, λn ⊂ (0, 2α), and {βn}, {αn}, {δn} are sequences in [0, 1].
Assume that the following conditions are satisfied:
(i) limn→∞ αn = 0,

∑∞
n=1 αn =∞,

∑∞
n=1 |αn+1 − αn| <∞;

(ii) limn→∞ βn = 0,
∑∞
n=1 |βn+1 − βn| <∞;

(iii) limn→∞ δn = 0,
∑∞
n=1 |δn+1 − δn| <∞;

(iv)
∑∞
n=1 |rn+1 − rn| <∞;

(v) limn→∞
|tn−tn−1|

tn

1
αn(1−βn)

= 0;
(vi) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α,

∑∞
n=1 |λn+1 − λn| <∞.

Then {xn} converges strongly to w, where w := PΩ(γφ+ (I − θT ))w.
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Proof. First, we show that I − λnA is nonexpansive. For any x, y ∈ C,

‖(I − λnA)x− (I − λnA)y‖2 = ‖x− y − λn(Ax−Ay)‖2

= ‖x− y‖2 − 2λn〈Ax−Ay, x− y〉+ λ2
n‖Ax−Ay‖2

≤ ‖x− y‖2 − λn(2α− λn)‖Ax−Ay‖2 ≤ ‖x− y‖2. (3.2)

Similarly we can show that the mappings (I − µiBi) are nonexpansive for each i = 1, 2.
Next, we show that {xn} is bounded.
Observe that {un} can be re-written as un = Trn(xn), n ≥ 1. Let x∗ ∈ Ω, then

‖un − x∗‖ = ‖Trn(xn)− x∗‖ ≤ ‖xn − x∗‖. (3.3)

Since x∗ ∈ Ω, we have

x∗ = PC [PC(x∗ − µ2B2x
∗)− µ1B1PC(x∗ − µ2B2x

∗)].

Putting
y∗ = PC(x∗ − µ2B2x

∗),

we see that
x∗ = PC(y∗ − µ1B1y

∗). (3.4)

Since the mapping A : C → H is α-inverse strongly monotone, we have

‖zn − x∗‖2 = ‖PC(un − λnAun)− PC(x∗ − λnAx∗)‖2 ≤ ‖(un − λnAun)− (x∗ − λnAx∗)‖2

≤ ‖(un − x∗)− λn(Aun −Ax∗)‖2 ≤ ‖un − x∗‖2 − λn(2α− λn)‖Aun −Ax∗‖2

≤ ‖un − x∗‖2 ≤ ‖xn − x∗‖2. (3.5)

Setting t′n = PC [PC(zn − µ2B2zn) − µ1B1PC(zn − µ2B2zn)] and vn = PC(zn − µ2B2zn). It follows
that

‖vn − y∗‖2 = ‖PC(zn − µ2B2zn)− PC(x∗ − µ2B2x
∗)‖2 ≤ ‖(zn − µ2B2zn)− (x∗ − µ2B2x

∗)‖2

≤ ‖zn − x∗‖2 − µ2(2β2 − µ2)‖B2zn −B2x
∗‖2 ≤ ‖zn − x∗‖2 ≤ ‖xn − x∗‖2. (3.6)

Further, we have

‖t′n − x∗‖2 = ‖PC(vn − µ1B1vn)− PC(y∗ − µ1B1y
∗)‖2

≤ ‖vn − y∗ − µ1(B1vn −B1y
∗)‖2

≤ ‖vn − y∗‖2 − µ1(2β1 − µ1)‖B1vn −B1y
∗‖2

≤ ‖zn − x∗‖2 − µ2(2β2 − µ2)‖B2zn −B2x
∗‖2 − µ1(2β1 − µ1)‖B1vn −B1y

∗‖2 (3.7)

≤ ‖zn − x∗‖2 ≤ ‖xn − x∗‖2. (3.8)

So

‖yn − x∗‖ = ‖δnzn + (1− δn)PC [PC(zn − µ2B2zn)− µ1B1PC(zn − µ2B2zn)]− x∗‖
≤ δn‖zn − x∗‖+ (1− δn)‖t′n − x∗‖
≤ δn‖xn − x∗‖+ (1− δn)‖xn − x∗‖ ≤ ‖xn − x∗‖. (3.9)

Now, put wn = αnγφ(xn) + (I − αnθT )yn, n ≥ 1. So,

‖wn − x∗‖ = ‖αnγφ(xn) + (I − αnθT )yn − x∗‖
= ‖αn(γφ(xn)− θTx∗) + (I − αnθT )(yn − x∗)‖
≤ (1− αnθγ̄)‖yn − x∗‖+ αn(‖γφ(xn)− γφ(x∗)‖+ ‖γφ(x∗)− θTx∗‖)
≤ (1− αnθγ̄)‖xn − x∗‖+ αnγ‖xn − x∗‖+ αn‖γφ(x∗)− θTx∗‖

= [1− αn(θγ̄ − γ)]‖xn − x∗‖+ αn(θγ̄ − γ)
‖γφ(x∗)− θTx∗‖

θγ̄ − γ . (3.10)

29



British Journal of Mathematics and Computer Science 3(1), 24-43, 2013

From (3.1), we obtain

‖xn+1 − x∗‖ = ‖βn(xn − x∗) + (1− βn)(
1

tn

∫ tn

0

[T (u)wn − T (u)x∗]du‖

≤ βn‖xn − x∗‖+ (1− βn)‖wn − x∗‖

≤ βn‖xn − x∗‖+ (1− βn)([1− αn(θγ̄ − γ)]‖xn − x∗‖+ αn(θγ̄ − γ)
‖γφ(x∗)− θTx∗‖

θγ̄ − γ )

= (1− αn(θγ̄ − γ)(1− βn))‖xn − x∗‖+ αn(θγ̄ − γ)(1− βn))
‖γφ(x∗)− θTv‖

θγ̄ − γ

≤ max{‖xn − x∗‖,
1

θγ̄ − γ ‖γφ(x∗)− θTx∗‖}

...

≤ max{‖x1 − x∗‖,
1

θγ̄ − γ ‖γφ(x∗)− θTx∗‖}.

So, {xn} is bounded. Hence, {un},{zn},{yn},{θTyn},{wn} and { 1
tn

∫ tn
0
T (u)wn} are bounded.

From (3.10), we have

‖wn − x∗‖ ≤ [1− αn(θγ̄ − γ)]‖xn − x∗‖+ αn(θγ̄ − γ)
‖γφ(x∗)− θTx∗‖

θγ̄ − γ

≤ max{‖x1 − x∗‖,
1

θγ̄ − γ ‖γφ(x∗)− θTx∗‖}+
1

θγ̄ − γ ‖γφ(x∗)− θTx∗‖

≤ ‖x1 − x∗‖+
2

θγ̄ − γ ‖γφ(x∗)− θTx∗‖.

Put D = {ω ∈ H : ‖ω − x∗‖ ≤ ‖x1 − x∗‖ + 2
θγ̄−γ ‖γφ(x∗) − θTx∗‖}. Then D is a nonempty,

bounded, closed and convex subset of H. Since T (u) is nonexpansive for any u ∈ [0,∞), D is
T (u)-invariant for each u ∈ [0,∞) and contains {wn}. Without loss of generality, we may assume
that = := T (u) : 0 ≤ u <∞ is a nonexpansive semigroup on D. By Lemma 2.6, we get

lim
n→∞

‖( 1

tn

∫ tn

0

T (u)wndu)− T (h)(
1

tn

∫ tn

0

T (u)wndu)‖ = 0 (3.11)

for every h ∈ [0,∞). Furthermore, observe that

‖xn+1 − T (h)xn+1‖ ≤ ‖xn+1 −
1

tn

∫ tn

0

T (u)wndu‖

+ ‖( 1

tn

∫ tn

0

T (u)wndu)− T (h)(
1

tn

∫ tn

0

T (u)wndu)‖

+ ‖T (h)(
1

tn

∫ tn

0

T (u)wndu)− T (h)xn+1‖

≤ 2‖xn+1 −
1

tn

∫ tn

0

T (u)wndu‖

+ ‖( 1

tn

∫ tn

0

T (u)wndu)− T (h)(
1

tn

∫ tn

0

T (u)wndu)‖

= 2βn‖xn −
1

tn

∫ tn

0

T (u)wndu‖

+ ‖( 1

tn

∫ tn

0

T (u)wndu)− T (h)(
1

tn

∫ tn

0

T (u)wndu)‖.
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From limn→∞ βn = 0 and (3.11), we get limn→∞ ‖xn+1 − T (h)xn+1‖ = 0 and hence

lim
n→∞

‖xn − T (h)xn‖ = 0. (3.12)

We next show that limn→∞ ‖xn − xn+1‖ = 0.
From the nonexpansivity of the mapping (I − λnA), we have

‖zn − zn−1‖ = ‖PC(un − λnAun)− PC(un−1 − λn−1Aun−1)‖
≤ ‖(un − λnAun)− (un−1 − λn−1Aun−1)‖
= ‖(un − un−1)− λn(Aun −Aun−1) + (λn − λn−1)Aun−1‖
≤ ‖(un − un−1)− λn(Aun −Aun−1)‖+ |λn − λn−1|‖Aun−1‖
≤ ‖un − un−1‖+ |λn − λn−1|‖Aun−1‖. (3.13)

We next estimate

‖t′n − t′n−1‖2 = ‖PC(vn − µ1B1vn)− PC(vn−1 − µ1B1vn−1)‖2

≤ ‖(vn − µ1B1vn)− (vn−1 − µ1B1vn−1)‖2

≤ ‖vn − vn−1‖2 − µ1(2β1 − µ1)‖B1vn −B1vn−1‖2

≤ ‖vn − vn−1‖2

≤ ‖zn − zn−1‖2 − µ2(2β2 − µ2)‖B2zn −B2zn−1‖2

≤ ‖zn − zn−1‖2. (3.14)

From (3.13) and (3.14), we have

‖t′n − t′n−1‖ ≤ ‖un − un−1‖+ |λn − λn−1|‖Aun−1‖. (3.15)

We observe that

‖yn − yn−1‖ = ‖δnzn + (1− δn)t′n − δn−1zn−1 − (1− δn−1)t′n−1‖
= ‖δn(zn − zn−1) + (δn − δn−1)zn−1 + (1− δn)(t′n − t′n−1)

+ [(1− δn)− (1− δn−1)]t′n−1‖
≤ δn‖zn − zn−1‖+ |δn − δn−1|‖zn−1‖+ (1− δn)‖t′n − t′n−1‖+ |δn − δn−1|‖t′n−1‖
≤ δn‖zn − zn−1‖+ |δn − δn−1|‖zn−1‖+ (1− δn)‖zn − zn−1‖+ |δn − δn−1|‖t′n−1‖
= ‖zn − zn−1‖+ |δn − δn−1|(‖zn−1‖+ ‖t′n−1‖)
≤ ‖zn − zn−1‖+ |δn − δn−1|M
≤ ‖un − un−1‖+ |λn − λn−1|‖Aun−1‖+ |δn − δn−1|M,

where M = supn≥1{‖zn‖‖+ ‖‖t′n‖}.
On the other hand, un = Trn(xn) and un−1 = Trn−1(xn−1), by Lemma 2.3, we have

‖un − un−1‖ ≤ ‖xn − xn−1‖+ L|1− rn−1

rn
|, (3.16)

where L = supn ‖un − xn‖. Hence

‖t′n − t′n−1‖ ≤ ‖xn − xn−1‖+ L|1− rn−1

rn
|+ |λn − λn−1|‖Aun−1‖, (3.17)

and

‖yn − yn−1‖ ≤ ‖xn − xn−1‖+ L|1− rn−1

rn
|+ |λn − λn−1|‖Aun−1‖+ |δn − δn−1|M. (3.18)
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From (3.18),we have

‖wn − wn−1‖ = ‖αnγφ(xn) + (I − αnθT )yn − αn−1γφ(xn−1)− (I − αn−1θT )yn−1‖
= ‖αnγ(φ(xn)− φ(xn−1)) + (αn − αn−1)γφ(xn−1) + (I − αnθT )(yn − yn−1)

+ [(I − αnθT )− (I − αn−1θT )]yn−1‖
≤ αnγ‖xn − xn−1‖+ |αn − αn−1|‖γφ(xn−1)‖+ (1− αnθγ̄)‖yn − yn−1‖
+ |αn − αn−1|‖θTyn−1‖
≤ αnγ‖xn − xn−1‖+ |αn − αn−1|(‖γφ(xn−1)‖+ ‖θTyn−1‖)

+ (1− αnθγ̄)[‖xn − xn−1‖+ L|1− rn−1

rn
|+ |λn − λn−1|‖Aun−1‖+ |δn − δn−1|M ]

≤ [1− αn(θγ̄ − γ)]‖xn − xn−1‖+ |αn − αn−1|(‖γφ(xn−1)‖+ ‖θTyn−1‖)

+ L|1− rn−1

rn
|+ |λn − λn−1|‖Aun−1‖+ |δn − δn−1|M. (3.19)

Let θn := 1
tn

∫ tn
0
T (u)wndu, n ≥ 1. Then, we have

‖θn − θn−1‖ = ‖ 1

tn

∫ tn

0

[T (u)wn − T (u)wn−1]du

+ (
1

tn
− 1

tn−1
)

∫ tn−1

0

T (u)wn−1du+
1

tn

∫ tn

tn−1

T (u)wn−1du‖,

if x∗ ∈ Ω, we can write

‖θn − θn−1‖ = ‖ 1

tn

∫ tn

0

[T (u)wn − T (u)wn−1]du+ (
1

tn
− 1

tn−1
)

∫ tn−1

0

[T (u)wn−1 − T (u)x∗]du

+
1

tn

∫ tn

tn−1

[T (u)wn−1 − T (u)x∗]du‖.

Thus,

‖θn − θn−1‖ ≤ ‖wn − wn−1‖+ (
2|tn − tn−1|

tn
)‖wn−1 − x∗‖. (3.20)

Substituting (3.19) into (3.20), we obtain

‖θn − θn−1‖ ≤ [1− αn(θγ̄ − γ)]‖xn − xn−1‖+ |αn − αn−1|(‖γφ(xn−1)‖+ ‖θTyn−1‖)

+ L|1− rn−1

rn
|+ |λn − λn−1|‖Aun−1‖+ |δn − δn−1|M + (

2|tn − tn−1|
tn

)‖wn−1 − x∗‖,

(3.21)

From (3.1), we have xn+1 = βnxn + (1− βn)θn and this implies that

‖xn+1 − xn‖ = ‖βnxn + (1− βn)θn − βn−1xn−1 − (1− βn−1)θn−1‖
≤ βn‖xn − xn−1‖+ (1− βn)‖θn − θn−1‖+ |βn − βn−1|(‖xn−1‖+ ‖θn−1‖). (3.22)
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Using (3.21) in (3.22), we obtain

‖xn+1 − xn‖ ≤ βn‖xn − xn−1‖+ (1− βn)[(1− αn(θγ̄ − γ))‖xn − xn−1‖
+ |αn − αn−1|(‖γφ(xn−1)‖+ ‖θTyn−1‖)

+ L|1− rn−1

rn
|+ |λn − λn−1|‖Aun−1‖+ |δn − δn−1|M + (

2|tn − tn−1|
tn

)‖wn−1 − x∗‖]

+ |βn − βn−1|(‖xn−1‖+ ‖θn−1‖)
≤ [1− (θγ̄ − γ)αn(1− βn)]‖xn − xn−1‖+ |αn − αn−1|(‖γφ(xn−1)‖+ ‖θTyn−1‖)

+ L|1− rn−1

rn
|+ |λn − λn−1|‖Aun−1‖+ |δn − δn−1|M + (

2|tn − tn−1|
tn

)‖wn−1 − x∗‖]

+ |βn − βn−1|(‖xn−1‖+ ‖θn−1‖).

If we call D′ := max{supn≥1(‖γφ(xn−1)‖ + ‖θTyn−1‖), supn≥1(‖xn−1‖ + ‖θn−1‖), supn≥1 ‖wn−1 −
x∗‖, L,M, supn≥1 ‖Aun−1‖} and b > 0 a minorant for {rn}, we have

‖xn+1 − xn‖ 5 [1− (θγ̄ − γ)αn(1− βn)]‖xn − xn−1‖+D′[|αn − αn−1|+
|rn − rn−1|

b

+ |λn − λn−1|+ |δn − δn−1|+ (
2|tn − tn−1|

tn
) + |βn − βn−1|].

From Lemma 2.8, taking

εn = (θγ̄ − γ)αn(1− βn), bn =
2D′|tn − tn−1|

tn
,

σn = D′[|αn − αn−1|+
|rn − rn−1|

b
+ |λn − λn−1|+ |δn − δn−1|+ |βn − βn−1|],

by using conditions (i), (ii),(iii), (iv), (v) and (vi) it follows that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.23)

We show that limn→∞ ‖un − yn‖ = 0 , limn→∞ ‖wn − yn‖ = 0 and limn→∞ ‖xn − un‖ = ‖xn −
Trnxn‖ = 0. Now, by the convexity of ‖.‖2 , we have

‖xn+1 − x∗‖2 = ‖βn(xn − x∗) + (1− βn)(
1

tn

∫ tn

0

[T (u)wn − T (u)x∗]du‖2

≤ βn‖xn − x∗‖2 + (1− βn)‖wn − x∗‖2

= βn‖xn − x∗‖2 + (1− βn)‖αnγφ(xn) + (I − αnθT )yn − x∗‖2

= βn‖xn − x∗‖2 + (1− βn)‖αn(γφ(xn)− θTx∗) + (I − αnθT )(yn − x∗)‖2

≤ βn‖xn − x∗‖2 + (1− βn)[(1− αnθγ̄)2‖yn − x∗‖2 + 2αn〈γφ(xn)− θTx∗, wn − x∗〉]

≤ βn‖xn − x∗‖2 + (1− βn)[‖yn − x∗‖2 + 2αn‖γφ(xn)− θTx∗‖‖wn − x∗‖]

≤ βn‖xn − x∗‖2 + (1− βn)‖yn − x∗‖2 + 2αnM1, (3.24)

where M1 is an appropriate constant such that M1 := supn≥1{‖γφ(xn) − θTx∗‖‖wn − x∗‖}. From
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(3.7), we obtain

‖yn − x∗‖2 ≤ δn‖zn − x∗‖2 + (1− δn)‖t′n − x∗‖2

≤ δn‖xn − x∗‖2 + (1− δn)‖t′n − x∗‖2

≤ δn‖xn − x∗‖2 + (1− δn)[‖zn − x∗‖2 − µ2(2β2 − µ2)‖B2zn −B2x
∗‖2

− µ1(2β1 − µ1)‖B1vn −B1y
∗‖2]

≤ δn‖xn − x∗‖2 + (1− δn)[‖un − x∗‖2 − λn(2α− λn)‖Aun −Ax∗‖2

− µ2(2β2 − µ2)‖B2zn −B2x
∗‖2 − µ1(2β1 − µ1)‖B1vn −B1y

∗‖2]

≤ δn‖xn − x∗‖2 + (1− δn)[‖xn − x∗‖2 − λn(2α− λn)‖Aun −Ax∗‖2

− µ2(2β2 − µ2)‖B2zn −B2x
∗‖2 − µ1(2β1 − µ1)‖B1vn −B1y

∗‖2]

≤ ‖xn − x∗‖2 − (1− δn)[λn(2α− λn)‖Aun −Ax∗‖2

+ µ2(2β2 − µ2)‖B2zn −B2x
∗‖2 + µ1(2β1 − µ1)‖B1vn −B1y

∗‖2]. (3.25)

Substituting (3.25) into (3.24), we obtain

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn){‖xn − x∗‖2 − (1− δn)[(λn(2α− λn)‖Aun −Ax∗‖2

+ µ2(2β2 − µ2)‖B2zn −B2x
∗‖2 + µ1(2β1 − µ1)‖B1vn −B1y

∗‖2)]}+ 2αnM1

≤ ‖xn − x∗‖2 − (1− βn)(1− δn)[λn(2α− λn)‖Aun −Ax∗‖2

+ µ2(2β2 − µ2)‖B2zn −B2x
∗‖2 + µ1(2β1 − µ1)‖B1vn −B1y

∗‖2] + 2αnM1.

It follows that

(1− βn)(1− δn)[λn(2α− λn)‖Aun −Ax∗‖2 + µ2(2β2 − µ2)‖B2zn −B2x
∗‖2

+ µ1(2β1 − µ1)‖B1vn −B1y
∗‖2]

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αnM1 ≤ ‖xn − xn+1‖(‖xn − xn+1‖+ ‖xn+1 − x∗‖) + 2αnM1.
(3.26)

Since 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α, ‖xn − xn+1‖ → 0, αn → 0 , βn → 0 and δn → 0,
we obtain limn→∞ ‖Aun −Ax∗‖ = 0, limn→∞ ‖B1vn −B1y

∗‖ = 0, limn→∞ ‖B2zn −B2x
∗‖ = 0. By

(2.1) and (2.4), we also have

‖zn − x∗‖2 = ‖PC(un − λnAun)− PC(x∗ − λnAx∗)‖2

≤ 〈un − λnAun − (x∗ − λnAx∗), zn − x∗〉

≤ 1

2
[‖un − λnAun − (x∗ − λnAx∗)‖2 + ‖zn − x∗‖2 − ‖un

− x∗ − λn(Aun −Ax∗)− (zn − x∗)‖2]

≤ 1

2
[‖un − x∗‖2 + ‖zn − x∗‖2 − ‖un − zn − λn(Aun −Ax∗)‖2]

≤ 1

2
[‖un − x∗‖2 + ‖zn − x∗‖2 − ‖un − zn‖2 + 2λn〈un − zn, Aun −Ax∗〉

− λ2
n(Aun −Ax∗)‖2]

≤ 1

2
[‖xn − x∗‖2 + ‖zn − x∗‖2 − ‖un − zn‖2 + 2λn‖un − zn‖‖Aun −Ax∗‖].

Hence
‖zn − x∗‖2 ≤ ‖xn − x∗‖2 − ‖un − zn‖2 + 2λn‖un − zn‖‖Aun −Ax∗‖. (3.27)
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Next, we estimate

‖vn − y∗‖2 = ‖PC(zn − µ2B2zn)− PC(x∗ − µ2B2x
∗)‖2

≤ 〈(zn − µ2B2zn)− (x∗ − µ2B2x
∗), vn − y∗〉

≤ 1

2
[‖zn − x∗ − µ2(B2zn −B2x

∗)‖2 + ‖vn − y∗‖2

− ‖zn − x∗ − µ2(B2zn −B2x
∗)− (vn − y∗)‖2]

≤ 1

2
[‖zn − x∗‖2 + ‖vn − y∗‖2 − ‖zn − vn − µ2(B2zn −B2x

∗)− (x∗ − y∗)‖2]

≤ 1

2
[‖zn − x∗‖2 + ‖vn − y∗‖2 − ‖zn − vn − (x∗ − y∗)‖2

+ 2µ2〈zn − vn − (x∗ − y∗), B2zn −B2x
∗〉 − µ2

2‖B2zn −B2x
∗‖2]

≤ 1

2
[‖zn − x∗‖2 + ‖vn − y∗‖2 − ‖zn − vn − (x∗ − y∗)‖2

+ 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x
∗‖].

Hence

‖vn − y∗‖2 ≤ ‖zn − x∗‖2 − ‖zn − vn − (x∗ − y∗)‖2 + 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x
∗‖

≤ ‖xn − x∗‖2 − ‖un − zn‖2 + 2λn‖un − zn‖‖Aun −Ax∗‖

− ‖zn − vn − (x∗ − y∗)‖2 + 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x
∗‖. (3.28)

Similarly, we also estimate

‖t′n − x∗‖2 = ‖PC(vn − µ1B1vn)− PC(y∗ − µ1B1y
∗)‖2

≤ 〈(vn − µ1B1vn)− (y∗ − µ1B1y
∗), t′n − x∗〉

≤ 1

2
[‖vn − y∗ − µ1(B1zn −B1y

∗)‖2 + ‖t′n − x∗‖2

− ‖vn − y∗ − µ1(B1vn −B1y
∗)− (t′n − x∗)‖2]

≤ 1

2
[‖vn − y∗‖2 + ‖t′n − x∗‖2 − ‖vn − t′n − µ1(B1vn −B1y

∗) + (x∗ − y∗)‖2]

≤ 1

2
[‖vn − y∗‖2 + ‖t′n − x∗‖2 − ‖vn − t′n + (x∗ − y∗)‖2

+ 2µ1〈vn − t′n + (x∗ − y∗), B1vn −B1y
∗〉 − µ2

1‖B1vn −B1y
∗‖2]

≤ 1

2
[‖vn − y∗‖2 + ‖t′n − x∗‖2 − ‖vn − t′n + (x∗ − y∗)‖2

+ 2µ1‖vn − t′n + (x∗ − y∗)‖‖B1vn −B1y
∗‖].

Hence

‖t′n − x∗‖2 ≤ ‖vn − y∗‖2 − ‖vn − t′n + (x∗ − y∗)‖2 + 2µ1‖vn − t′n + (x∗ − y∗)‖‖B1vn −B1y
∗‖

≤ ‖xn − x∗‖2 − ‖un − zn‖2 + 2λn‖un − zn‖‖Aun −Ax∗‖

− ‖zn − vn − (x∗ − y∗)‖2 + 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x
∗‖

− ‖vn − t′n + (x∗ − y∗)‖2 + 2µ1‖vn − t′n + (x∗ − y∗)‖‖B1vn −B1y
∗‖. (3.29)
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Substituting (3.29) into (3.24), we have

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)‖yn − x∗‖2 + 2αnM1

≤ βn‖xn − x∗‖2 + (1− βn)[δn‖zn − x∗‖2 + (1− δn)‖t′n − x∗‖2] + 2αnM1

≤ βn‖xn − x∗‖2 + (1− βn)[δn‖zn − x∗‖2 + (1− δn)[‖xn − x∗‖2 − ‖un − zn‖2

+ 2λn‖un − zn‖‖Aun −Ax∗‖ − ‖zn − vn − (x∗ − y∗)‖2

+ 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x
∗‖ − ‖vn − t′n + (x∗ − y∗)‖2

+ 2µ1‖vn − t′n + (x∗ − y∗)‖‖B1vn −B1y
∗‖] + 2αnM1

≤ βn‖xn − x∗‖2 + (1− βn)[δn‖xn − x∗‖2 + (1− δn)[‖xn − x∗‖2 − ‖un − zn‖2

+ 2λn‖un − zn‖‖Aun −Ax∗‖ − ‖zn − vn − (x∗ − y∗)‖2

+ 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x
∗‖ − ‖vn − t′n + (x∗ − y∗)‖2

+ 2µ1‖vn − t′n + (x∗ − y∗)‖‖B1vn −B1y
∗‖] + 2αnM1

≤ ‖xn − x∗‖2 + (1− βn)(1− δn)[2λn‖un − zn‖‖Aun −Ax∗‖
+ 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x

∗‖
+ 2µ1‖vn − t′n + (x∗ − y∗)‖‖B1vn −B1y

∗‖]

− (1− βn)(1− δn)[‖un − zn‖2 + ‖zn − vn − (x∗ − y∗)‖2

+ ‖vn − t′n + (x∗ − y∗)‖2] + 2αnM1.

Which yields

(1− βn)(1− δn)[‖un − zn‖2 + ‖zn − vn − (x∗ − y∗)‖2 + ‖vn − t′n + (x∗ − y∗)‖2]

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + (1− βn)(1− δn)[2λn‖un − zn‖‖Aun −Ax∗‖
+ 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x

∗‖+ 2µ1‖vn − t′n + (x∗ − y∗)‖‖B1vn −B1y
∗‖] + 2αnM1

= ‖xn − xn+1‖(‖xn − x∗‖+ ‖xn+1 − x∗‖) + (1− βn)(1− δn)[2λn‖un − zn‖‖Aun −Ax∗‖
+ 2µ2‖zn − vn − (x∗ − y∗)‖‖B2zn −B2x

∗‖+ 2µ1‖vn − t′n + (x∗ − y∗)‖‖B1vn −B1y
∗‖] + 2αnM1.

(3.30)

Since 0 < λn < 2α, ‖xn − xn+1‖ → 0, αn → 0 ,βn → 0, δn → 0 and limn→∞ ‖Aun − Ax∗‖ = 0,
limn→∞ ‖B1vn −B1y

∗‖ = 0, limn→∞ ‖B2zn −B2x
∗‖ = 0. it follows from the boundedness of {xn},

{un}, {zn}, {t′n} and {vn} that

lim
n→∞

‖un − zn‖ = 0, lim
n→∞

‖zn − vn − (x∗ − y∗)‖ = 0, lim
n→∞

‖vn − t′n + (x∗ − y∗)‖ = 0. (3.31)

Consequently, it follows that

‖zn − t′n‖ ≤ ‖zn − vn − (x∗ − y∗)‖+ ‖vn − t′n + (x∗ − y∗)‖ → 0(as n→∞). (3.32)

Also limn→∞ ‖un − t′n‖ = 0 and limn→∞ ‖yn − t′n‖ = δn‖zn − t′n‖ = 0 as n→∞

‖un − yn‖ ≤ ‖un − t′n‖+ ‖t′n − yn‖ → 0(as n→∞) (3.33)

and
‖wn − yn‖ = αn‖γφ(xn)− θTyn‖ → 0. (3.34)

Next, we show that ‖xn − un‖ = ‖xn − Trnxn‖ → 0. By the firm nonexpansivity of Trn , a
standard calculation (see [26]) shows that if p ∈ EP (F, h)

‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − un‖2.
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So, let x∗ ∈ Ω; then by (3.24)

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)‖yn − x∗‖2 + 2αnM1

≤ βn‖xn − x∗‖2 + (1− βn)‖un − x∗‖2 + 2αnM1

≤ βn‖xn − x∗‖2 + (1− βn)[‖xn − x∗‖2 − ‖xn − un‖2] + 2αnM1

= ‖xn − x∗‖2 − (1− βn)‖xn − un‖2 + 2αnM1,

which implies that

(1− βn)‖xn − un‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + 2αnM1

≤ ‖xn+1 − xn‖(‖xn − x∗‖+ ‖xn+1 − x∗‖) + 2αnM1.

Since limn→∞ αn = 0, limn→∞ βn = 0 and (3.23) , one gets

lim
n→∞

‖xn − un‖ = 0. (3.35)

So
‖yn − xn‖ ≤ ‖yn − un‖+ ‖un − xn‖ → 0. (3.36)

Furthermore, from (3.33), (3.34) and (3.35), we have for every h ∈ [0,∞) that

‖T (h)wn − T (h)xn‖ ≤ ‖wn − xn‖
≤ ‖xn − un‖+ ‖un − yn‖+ ‖wn − yn‖ → 0. (3.37)

So, we obtain from (3.12) and (3.37) that

‖T (h)wn − xn‖ ≤ ‖T (h)wn − T (h)xn‖+ ‖T (h)xn − xn‖ → 0.

Hence, we have for every h ∈ [0,∞) that

‖T (h)wn − wn‖ ≤ ‖T (h)wn − xn‖+ ‖xn − un‖|+ ‖un − yn‖+ ‖yn − wn‖ → 0. (3.38)

Next, putting w = PΩ(γφ+ (I − θT ))w, we show that lim supn→∞〈(γφ− θT )w,wn − w〉 ≤ 0.
Observing that PΩ(γφ+ (I − θT )) is a contraction. Indeed, for any x, y ∈ H, by Lemma 2.7 we have

‖PΩ(γφ+ (I − θT ))x− PΩ(γφ+ (I − θT ))y‖ ≤ ‖(γφ+ (I − θT ))x− (γφ+ (I − θT ))y‖
≤ ‖γφ(x)− γφ(y)‖+ ‖(I − θT ))x− (I − θT ))y‖
≤ γ‖x− y‖+ (1− θγ̄)‖x− y‖
≤ (1− (θγ̄ − γ))‖x− y‖.

Banachs Contraction Mapping Principle guarantees that PΩ(γφ+(I−θT ))w has a unique fixed point.
Say w ∈ H. That is, w = PΩ(γφ+ (I − θT ))w. To do this, we choose a subsequence {wnj} of {wn}
such that

lim sup
n→∞

〈(γφ− θT )w,wn − w〉 = lim
j→∞
〈(γφ− θT )w,wnj − w〉. (3.39)

Since {wnj} is bounded, without loss of generality, we can assume that wnj ⇀ q. From (3.34), we
obtain that ynj ⇀ q. It follows from (3.33) and (3.35) that unj ⇀ q and xnj ⇀ q. Since {unj} ⊂ C and
C is closed and convex, we obtain q ∈ C. Next we prove that q ∈ Ω = F (=)∩EP (F, h)∩V I(C,A)∩Ψ.
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(a) First, we prove that q ∈ Ψ. Take any x, y ∈ C. Using (2.7), we estimate

‖Q(x)−Q(y)‖2 = ‖PC [PC(x− µ2B2x)− µ1B1PC(x− µ2B2x)]

− PC [PC(y − µ2B2y)− µ1B1PC(y − µ2B2y)]‖2

≤ ‖[PC(x− µ2B2x)− PC(y − µ2B2y)]

− µ1[B1PC(x− µ2B2x)−B1PC(y − µ2B2y)]‖2

≤ ‖PC(x− µ2B2x)− PC(y − µ2B2y)‖2

− µ1(2β1 − µ1)‖B1PC(x− µ2B2x)−B1PC(y − µ2B2y)‖2

≤ ‖(x− µ2B2x)− (y − µ2B2y)‖2 ≤ ‖x− y‖2

− µ2(2β2 − µ2)‖B2x−B2y‖2 ≤ ‖x− y‖2.

This implies that Q : C → C is nonexpansive.
Now, we have

‖yn −Q(yn)‖ ≤ δn‖zn −Q(yn)‖+ (1− δn)‖PC [PC(zn − µ2B2zn)− µ1B1PC(zn − µ2B2zn)]

−Q(yn)‖
≤ δn‖zn −Q(yn)‖+ (1− δn)‖Q(zn)−Q(yn)‖
≤ δn‖zn −Q(yn)‖+ (1− δn)‖zn − yn‖. (3.40)

Since δn → 0 and ‖zn − yn‖ → 0 as n→∞, (3.40) implies lim infn→∞ ‖yn −Q(yn)‖ = 0 and hence
by Lemma 2.7, it follows that q ∈ Q(q). Further, it follows from Lemma 2.1 that q ∈ Ψ.

(b) Next, we prove that q ∈ V I(C,A). Indeed, let

Tx =

{
Ax+NCx, x ∈ C,
∅, x /∈ C.

For any given (x, u) ∈ G(T ), u−Ax ∈ NCx. Since zn ∈ C, by the definition of NC , we have

〈x− zn, u−Ax〉 ≥ 0. (3.41)

On the other hand, since zn = PC(un − λnAun), we have 〈x− zn, zn − (un − λnAun)〉 ≥ 0, and so

〈x− zn,
zn − un
λn

+Aun〉 ≥ 0.

By (3.41) and the monotonicity of A, we have

〈x− znj , u〉 ≥ 〈x− znj , Ax〉

≥ 〈x− znj , Ax〉 − 〈x− znj ,
znj − unj

λnj

+Aunj 〉

= 〈x− znj , Ax−Aznj 〉+ 〈x− znj , Aznj −Aunj 〉 − 〈x− znj ,
znj − unj

λnj

〉

≥ 〈x− znj , Aznj −Aunj 〉 − 〈x− znj ,
znj − unj

λnj

〉. (3.42)

Since znj ⇀ q and‖znj − unj‖ → 0, we have

lim
j→∞
〈x− znj , u〉 = 〈x− q, u〉 ≥ 0.

Again since T is maximal monotone, we have q ∈ T−1(0) and hence q ∈ V I(C,A).
(c) Next, we prove that q ∈ EP (F, h).
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By limn→∞ ‖xn − un‖ = ‖xn − Trnxn‖ and Lemma 2.5, we note that q ∈ EP (F, h).
(d) We show that q ∈ F (=), Assume the contrary that q 6= T (h)q for some h ∈ [0,∞). Then by

Opial’s condition, we obtain from (3.38) that

lim inf
n→∞

‖znj − q‖ < lim inf
j→∞

‖znj − T (h)q‖

≤ lim inf
j→∞

(‖znj − T (h)znj‖+ ‖T (h)znj − T (h)q‖)

≤ lim inf
j→∞

‖znj − q‖.

This is a contradiction. Hence, q ∈ F (=). Thus q ∈ Ω = F (=) ∩EP (F, h) ∩ V I(C,A) ∩Ψ. By (3.39)
and property of metric projection, we obtain

lim sup
n→∞

〈(γφ− θT )w,wn − w〉 = lim
j→∞
〈(γφ− θT )w,wnj − w〉 = 〈(γφ− θT )w, q − w〉 ≤ 0.

Finally, we prove that xn → w, since wn − w = αn(γφ(xn)− θTw) + (I − αnθT )(yn − w)

‖wn − w‖2 = ‖αn(γφ(xn)− θTw) + (I − αnθT )(yn − w)‖2

≤ (1− αnθγ̄)2‖yn − w‖2 + 2αn〈γφ(xn)− θTw,wn − w〉

≤ (1− αnθγ̄)2‖xn − w‖2 + 2αn〈γφ(xn)− γφ(w), wn − w〉
+ 2αn〈γφ(w)− θTw,wn − w〉

≤ (1− αnθγ̄)2‖xn − w‖2 + αnγ(‖xn − w‖2 + ‖wn − w‖2)

+ 2αn〈γφ(w)− θTw,wn − w〉.

This implies that

‖wn − w‖2 ≤
(1− αnθγ̄)2 + αnγ

1− αnγ
‖xn − w‖2 +

2αn
1− αnγ

〈γφ(w)− θTw,wn − w〉

= (1− 2αn(θγ̄ − γ)

1− αnγ
)‖xn − w‖2 +

α2
n(θγ̄)2

1− αnγ
‖xn − w‖2

+
2αn

1− αnγ
〈γφ(w)− θTw,wn − w〉. (3.43)

‖xn+1 − w‖2 ≤ βn‖(xn − w)‖2 + (1− βn)‖( 1

tn

∫ tn

0

[T (u)wn − T (u)w]du‖2

≤ βn‖(xn − w)‖2 + (1− βn)‖wn − w‖2

≤ βn‖(xn − w)‖2 + (1− βn)[(1− 2αn(θγ̄ − γ)

1− αnγ
)‖xn − w‖2 +

α2
n(θγ̄)2

1− αnγ
‖xn − w‖2

+
2αn

1− αnγ
〈γφ(w)− θTw,wn − w〉]

= [1− (1− βn)
2αn(θγ̄ − γ)

1− αnγ
]‖xn − w‖2 +

αn(1− βn)

1− αnγ
[αn(θγ̄)2‖xn − w‖2

+ 2〈γφ(w)− θTw,wn − w〉]

= (1− δn)‖xn − w‖2 + bn.

where δn = (1 − βn) 2αn(θγ̄−γ)
1−αnγ

and bn = αn(1−βn)
1−αnγ

[αn(θγ̄)2‖xn − w‖2 + 2〈γφ(w) − θTw,wn − w〉].
It is easily verified that

∑∞
n=1 δn = ∞ and lim supn→∞

bn
δn
≤ 0. Then by Lemma 2.8, we obtain

limn→∞ ‖xn − w‖ = 0.
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Corollary 3.2. Let C be a nonempty, closed and convex subset of a real Hilbert space H. For each
i = 1, 2, let A,Bi : C → H be α, βi-inverse strongly monotone mappings, respectively. Let F, h
be a bi-function from C × C to R satisfying the hypotheses of Lemma 2.2 , and φ, Y : C → C are
nonexpansive mappings such that Ω := F (Y ) ∩ EP (F, h) ∩ V I(C,A) ∩ Ψ 6= ∅ . Let T be a strongly
bounded linear operator on H with coefficient γ̄ such that 0 < γ < θγ̄ and 0 < θ ≤ ‖T‖−1. Let
{rn} ⊂ (0,∞) be a real sequence such that lim infn→∞ rn > 0 . Suppose Let {xn}, {un}, {yn} and
{zn} be sequences generated by

x1 = x ∈ H,
F (un, y) + h(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

zn = PC(un − λnAun),
yn = δnzn + (1− δn)PC [PC(zn − µ2B2zn)− µ1B1PC(zn − µ2B2zn)],
xn+1 = βnxn + (1− βn)( 1

n+1

∑n
j=0 Y

j [αnγφ(xn) + (I − αnθT )yn]),

where µi ∈ (0, 2βi), for each i = 1, 2, λn ∈ (0, 2α), and {βn}, {αn}, {δn} are sequences in [0, 1].
Assume that the following conditions are satisfied:
(i) limn→∞ αn = 0,

∑∞
n=1 αn =∞,

∑∞
n=1 |αn+1 − αn| <∞;

(ii) limn→∞ βn = 0,
∑∞
n=1 |βn+1 − βn| <∞;

(iii) limn→∞ δn = 0,
∑∞
n=1 |δn+1 − δn| <∞;

(iv)
∑∞
n=1 |rn+1 − rn| <∞;

(v) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α,
∑∞
n=1 |λn+1 − λn| <∞.

Then {xn} converges strongly to w, where w := PΩ(γφ+ (I − θT ))w.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H and A :
C → H be α-inverse strongly monotone mappings. Let F, h be a bi-function from C×C toR satisfying
the hypotheses of Lemma 2.2 , and = =: {T (u) : 0 ≤ u < ∞} be a one-parameter nonexpansive
semigroup on H such that Ω := F (=)∩EP (F, h)∩V I(C,A) 6= ∅ . Let φ : H → H be a nonexpansive
mapping and T be a strongly bounded linear operator on H with coefficient γ̄ such that 0 < γ < θγ̄
and 0 < θ ≤ ‖T‖−1. Let {rn} ⊂ (0,∞) be a real sequence such that lim infn→∞ rn > 0 . Suppose
Let {xn}, {un} and {zn} be sequences generated by

x1 = x ∈ H,
F (un, y) + h(un, y) + 1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

zn = PC(un − λnAun),

xn+1 = βnxn + (1− βn)( 1
tn

∫ tn
0
T (u)[αnγφ(xn) + (I − αnθT )zn]du),

where λn ∈ (0, 2α), and {βn}, {αn} are sequences in [0, 1]. Assume that the following conditions
are satisfied:
(i) limn→∞ αn = 0,

∑∞
n=1 αn =∞,

∑∞
n=1 |αn+1 − αn| <∞;

(ii) limn→∞ βn = 0,
∑∞
n=1 |βn+1 − βn| <∞;

(iii)
∑∞
n=1 |rn+1 − rn| <∞;

(iv) limn→∞
|tn−tn−1|

tn

1
αn(1−βn)

= 0;
(v) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α,

∑∞
n=1 |λn+1 − λn| <∞.

Then {xn} converges strongly to w, where w := PΩ(γφ+ (I − θT ))w.
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