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Covering, matching, and domination are the basic concepts in graphs that play a decisive role in the properties of graphs.
Calculating these parameters is one of the difficulties in fuzzy graphs when it is not possible to accurately determine the values
of the vertices of a graph. The interval-valued intuitionistic fuzzy graph (IVIFG) is one of the fuzzy graphs which can play an
important role in solving uncertain problems in different sciences such as psychology, biological sciences, medicine, and social
networks. The necessity of using a range of value instead of one number caused them to help researchers in optimizing and
saving time and cost. In this study, we introduce some of the specific concepts such as covering, matching, and paired
domination using strong arc or effective edges by giving appropriate examples. In addition, we have calculated strong node
covering number, strong independent number, and other parameters of complete bipartite IVIFGs with several examples.

Finally, we have presented an application of IVIFG in social networks.

1. Introduction

Graphs are an inevitable tool in applied mathematics.
Among the various concepts in graphs, some concepts are
more important such as covering, matching, and domina-
tion. These concepts are closely related to vertices, as one
of the most important components of the graph, and cause
them to participate in many analyses related to vertices.
Many studies have been done by researchers on various
graphs. It is difficult to examine these concepts when the
exact values for the vertices cannot be considered.

In 1965, Zadeh [1] presented the basic idea of fuzzy set
(FS) where its prominent feature was the allocation of mem-
bership degree between 0 and 1 to each element in a set.
Zadeh [2] also introduced the interval-valued fuzzy set
(IVES) in 1975, in which membership degrees were intervals
of numbers. Roselfeld [3] defined a new concept called the
fuzzy graph (FG) by employing fuzzy relations on FS. FGs
were considered by researchers in the fields related to ambig-

uous and uncertain problems. They were able to find numer-
ous applications in solving and modeling problems in
computer science, engineering, system analysis, economics,
network routing, transportation, and so on. With the advent
of new indefinite problems, it became clear that a member-
ship function could not well express the ambiguity in subjec-
tive perceptions and the complexity of data. To overcome
this shortcoming of the FS, Atanassov [4] proposed an
extension of FS by introducing nonmembership function
and defined intuitionistic fuzzy set (IFS). IFGs were first
introduced by Atanassov [5] in 1999 and was further dis-
cussed in [6]. Mahapatra et al. [7-9] explored concepts on
fuzzy graphs. Rashmanlou and Pal [10, 11] studied different
kinds of FGs. Kosari et al. [12] presented vague graph struc-
ture with an application in medical diagnosis. Kou et al. [13]
studied some properties of vague graph (VG). Krishna et al.
[14] studied new results in cubic graphs. Talebi et al. [15, 16]
defined Cayley-FGs and some operations on level graphs of
bipolar FGs. Atanassov [17] recently introduced some new
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topological operators over IFSs. Mathew et al. [18] conducted
research on vertex rough graphs. Some concepts in IVFGs and
neutrosophic graphs are studied by Jan et al. [19]. Voskoglou
[20] used a combination of soft sets and gray numbers in
decision-making. Mahapatra et al. [21-23] introduced con-
cepts of neutrosophic graphs used in social networks.

The decision to determine accurate numerical values in
uncertain and inaccurate evaluations of information, which
often occur in practical situations, is associated with difficul-
ties. Thus, in 1989, Atanassov and Gargov [24] introduced
the idea of the interval-valued intuitionistic fuzzy set (IVIES)
in order to unify perceptions and quantify the uncertain
nature of the mind. This concept is defined by a membership
function, a nonmembership function, and a hesitant func-
tion whose values are intervals between 0 and 1 instead of
exact numbers. IVIFS has been widely used in many areas,
such as decision-making [25], pattern recognition [26],
medical diagnosis [27], and graph theory [28]. The concept
of interval-valued fuzzy graphs (IVFGs) is presented by
Hongmei and Lianhua in [29]. Akram et al. [30, 31] defined
certain types of IVFGs. The product of IVIFGs was proposed
by Mishra and Pal in [32]. The strong IVIFG concept is
described by Ismayil and Ali [33]. Rashmanlou et al. [25,
34-36] studied some IVIFG concepts.

The purpose of this paper is to find a way to determine the
concepts of vertex covering, matching, and paired domination
in IVIFGs where we are dealing with interval-valued numbers
instead of fuzzy numbers. The previous definition limitations
in the vertex covering, matching, and paired domination of
FGs have directed us to offer new classifications in terms of
IVIFG. These concepts have already been studied by some
researchers in a variety of FGs. Sahoo et al. [37] investigated
covering and paired domination in IFGs.

The rest of this article is organized as follows: Section 2
briefly reviews related basic concepts to IVIFGs. In Section
3, we introduced the concepts of strong vertex covering,
independent vertex covering, and perfect strong matching
in an IVIFG by strong edges and defined some of its proper-
ties in specific types of IVIFGs. In this section, we introduce
paired domination in IVIFG and examine its implications.
Finally, we present an application of IVIFG on social net-
works in Section 4.

2. Preliminaries

In this section, we briefly define some of the basic concepts
for entering the main discussion.

Definition 1 (see [24]). An IVIFS A in X can be described as

A={(x [l 1 (0], AW xex), (1)

where 0 < uh(x) <u{ <1,0<vi(x) <v
+v{(x) <1, forall x € X.

Similarly, the intervals [u4 (x), uY (x)] and [V} (x), v§ (x)]
denoted the MV and non-MV of an element x, respectively.

If each of the intervals contains only one value for each x €
X, we have

1, and 0< Y (x)
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(%) = pa (%) = ] (%), va (%) = Vi (%) = Vi (%), (2)

Furthermore, the hesitancy degree of each element x is as
follows:

[1= 3 (%) = VA (), 1 = (%) = V4 ()] (3)

Definition 2 (see [33]). An IVIFG of an underlying graph G*
=(V,E) is apair G=(V, A, B) so that

A= {([# (), 41 (%)), [Va(x)vE@)])Ixe V] (4)

isan IVIFS in V and

B = {{[5(x9), w5 ()], [V5(x), v ()] ) [y € E}, - (5)

is an interval-valued intuitionistic fuzzy relation (IVIFR) V
x V so that

pp : ECV xV—DI0,1],
p: ECVxV—DI0,1],
MB(xy)Smin{#A ) i ()}
5 (xy <mm{uA(x) y)},

and pY (xy) +v§ (xy) < 1, for each xy € E.

Definition 3 (see [34]). An edge xy of an IVIFG, G is named
a strong arc (SA) or effective edge if

py (xy) = min {u (x), MX 0}

L L L (7)
vi(xy) = max {VA(X)’ VA()’)}’
vy (xy) = max {v{ (x),v{(y)}

forall xye Vx V.

As a result of the above definition, the following defini-
tion can be provided.

Definition 5. An IVIFG G is named bipartite whenever the
vertex set V can be partitioned into two nonempty sets V,
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and V, so that pk(xy) = uY (xy) =0 and vi(xy) =v§ (xy) =0
,forxyeV,orxyeV,. If

forall x € V| and y € V,; then, G is named a complete bipar-
tite IVIFG (CB-IVIFG) and is shown by K,

01,0,°

All the basic notations are shown in Table 1.

3. Covering, Matching, and Paired
Domination in the IVIFGs

In this section, we introduce covering, matching, and paired
domination in the IVIFGs by the weight of strong edges and
examine some of its properties and results.

Definition 6. Let G=(V, A, B) be an IVIFG. An SNC in an
IVIFG G is the set D of nodes that cover all SAs of G. The
weight of an SNC D is denoted as

W, = { [Wit(D), wat (D), [Wh (D), Wi (D)) ),

W, = < [ZD%(W)’ ul (xy)] , [Zvéw» PR <xy>] >

x€D x€D x€D
(10)

so that uk(xy) and p} (xy) are the minimum of the lower
and upper of IVMBs and v(xy) and v (xy) are the maxi-
mum of the lower and upper of IVNMB:s of all SAs incident
on x, respectively.

An SNCN of an IVIFG G is shown as follows a, (G) =

L, U
oy = (o), a5, o, ae*]) so that

L .
&, =min {Wi?

U . U
a," = min {Wm“

Dis the weight of SNCs of G} )

Dis the weight of SNCs of G}, (11)

L, _ L
o =max { Wy

Dis the weight of SNCs of G},

U, _ U
ag v =max {W,»

Dis the weight of SNCs of G}.

A minimum SNC in an IVIFG G is an SNC of minimum
IVMBs and maximum IVNMBs.

TABLE 1: Some basic notations.

Notation Meaning

IVES Interval-valued fuzzy set

IFG Intuitionistic fuzzy graph

IVIFS Interval-valued intuitionistic fuzzy set
IVIFG Interval-valued intuitionistic fuzzy graph
CIVIFG Complete interval-valued intuitionistic fuzzy graph
SA Strong arc

CB Complete bipartite

SC Strong cover

SCN Strong covering number

SNC Strong node cover

ISA Incident strong arc

SNCN Strong node covering number
IVMB Interval-valued membership bound
IVNMB Interval-valued nonmembership bound
SI Strong independent

SIS Strong independent set

SIN Strong independent number

IN Isolated node

SAC Strong arc cover

PD Paired domination

SPDN Strong paired domination number
SM Strong matching

SMN Strong matching number

SIAC Strong independent arc cover
PSM Perfect strong matching

SDS Strong dominating set

SPDS Strong paired dominating set

Theorem 7. Let G=(V, A, B) be a CIVIFG. Then,

L
& = (r = Dup(xy),

o = (r=1)vi(xy),

o = (r=1)vg (%),

where pk(xy) and pY (xy) are the lower and upper of IVMBs
and vk (xy) and v (xy) are the lower and upper of IVNMBs
of the weakest arc in G. Note that r is the number of vertex
in G.

Proof. Since G is a CIVIFG, all arcs are strong, and every
node is neighbor to all other vertices. So, any set includes
(r—1) nodes forming an SNC of G.

Let x be a vertex having minimum of IVMBs and
maximum of IVNMBs in G. Suppose y,,y,*:,¥,.; is
the node neighbor to x. Then, the (r—1) arcs xy,,xy,,
-+, xy,_, are all weakest arcs of G, and strength of each

arcs i equal 1o ([#h(57). 43 ()], [Vh(xp), v (xp)]), which
ye{ynyp Yt



Hence, the set D={y,,y,,--,y,_,} of (r—1) vertices
forms an SNC of G with

Z uh(xy,)
)= g (xy)

y;€D

143 (xy1) +.”B(xy2)+ +”B(xyr 1)

.”B xy1)+,u3 (Xy,)+--+ig (x)’r 1)

(13)

where ph(xy;),i=1,2,--,(r—1) is the minimum lower of
IVMB and uj(xy,),i=1,2,-,(r—1) is the minimum
upper of IVNMB of SAs incident on y,. Then,

o = up(xy) + pp(xy)+ - +up(xy), 1)

oy = pay () + iy (e9) e (),
where p5(xy) and pY (xy) are the lower and upper of IVMBs
of a weakest arc in G.

Hence, ocsLo“ =(r-1)pk(xy) and ocg" =(r—-1)uy (xy).

Similarly,

Z V()
Z v (X))

vB (xy1) +"B(x)’2)+ ‘H’B(x)’r 1)

VB (xy,) +vg (xy2)+ “+Vp (x)’r 1)

(15)

where vi(xy;) and v¥(xy,), i=1,2, -, (r — 1) are the maxi-
mum lower and upper of IVNMBs of all SAs incident on y;,.
Then,

oy =VE(xy) + V5(xp)++vp(xp),
(16)
g = Vi (xp) + Vi (xp) Vg (x9),

where vi(xy) and vY(xy) are the lower and upper of
IVNMBs of a weakest arc in G. Hence, ocsLo" = (r—1)vk(xy)

(r= 1) (x)- O

Theorem 8. For a CB-IVIFG K, , with partite set V; and

U
and ay" =

0 (Ko, ,) = min { W (V,), Wik (V) },
) (Ko,) =min (W0l (VLWL (V)b
o (Kg,,) =max {Wp(Vy), Wi(V2)},
a0 (Ky,q,) = max {Wyr(V)), Wi (V,)}

Proof. All arcs in K,

neighbor with all nodes in V, and contrariwise. The set of
all arcs of K, , is a set of all arcs incident on each node

are strong, and each node in V, is
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of V, or a set of all arcs incident on each node of V,. Hence,
all SNCs in K, , are V,,V,, and V, UV,. Clearly, W
(V,uV,) is greater than WﬁZ(Vl) and Wﬁ’c‘(Vz). Hence,

L

;) (Kopo,) =min {WiE(V), WE(V2) ). (18)

U , U U
as," (Ko, o) = min {Wye' (V), Waé (V) }.
Wi (V,UV,) is less than Wi (V,) and Wi (V,).

Similarly,

Also,
So,

alkv (K

So

0'1"72) = max {WIrIZ(Vl)’ W];!Z(VZ)} (19)
or0,) = max { Wy (

V) Wae (V) ) O

In the same way, we have ocslg”(K

Definition 9. In an IVIFG G, two nodes are said to be SI if
there is no SA between them. A set of nodes in G is an SI
if and only if two nodes are in an SI set.

Definition 10. The weight of an SIS D in an IVIFG G is
described as

ie.,

= < [Z us(xy), Y u <xy>], [zvgw), v <xy>] >

xeD xeD xeD xeD
(21)

where pf(xy) and pj (xy) are minimum of the lower and
upper of IVMBs and vi(xy) and v§ (xy) are maximum of
the lower and upper of IVNMBs of all SAs incident on x,
respectively.

An SIN of an IVIFG G is shown by f ( )= ﬁso ={(|
ﬁso )/350 ls [/350 , /350 1), which

Be =max { Wi (D

S

. { ‘D is the SISs of nodes in G},
U
[3’50 = max {W “( ’D is the SISs of nodes in G},
(22)
V =min {W “( ‘D is the SISs of nodes in G}

ﬁg‘ = min { ’D is the SISs of nodes in G}

A maximum SIS in an IVIFG G is an SIS with the
maximum IVMBs and minimum IVNMBs.
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Theorem 11. Let G be a CIVIFG. Then,
B, (G) = ([u5(x)> 5 ()], [VE(xy) vy ()] ), (23)

where pk(xy) and uj (xy) are the lower and upper of IVMBs
and vi(xy) and v (xy) are the lower and upper of IVNMBs
of a weakest arc in G.

Proof. Since G is a CIVIFG, so all arcs are strong, and also,
each arc is neighbor to all other nodes. Hence, D = {x} is

the only SIS for each x € V. Thus, the result is true. O
Theorem 12. Let K, , be a CB-IVIFG with partite set V
and V,. Then,
Bt (Koy0,) =max { Wi (V,), WA (V) },
B (Ko,,) = max {W," (vV,), W, (Vo) |, y
B (Ko ye,) = min { Wi (V,), Wi (V) }, ()
B (Ko, ,) = min { Wi (V,), Wi (V) }

Proof. In K, . all arcs are strong. Also, each node in V; is

neighbor with all nodes in V, and contrariwise. Therefore,
all SISs in K, , are V; and V,. Hence, the result is true. [

01,0,

Example 1. Consider an IVIFG G is drawn in Figure 1.
Clearly, all arcs are strong, and all SNCs of G are as
follows:

D, ={y.t},
D,={xy,z},
D; ={x,zt}, (25)
D, ={y.zt},
D; ={x,y,t},
Dg={x,y,2,t}.

Table 2 shows the method of calculating the weight of
SISs.
Thus, a,, = ([0.2,0.4], [0.8,2]).

Example 2. Consider a strong IVIFG G is drawn in Figure 2.
All SISs in G are D, ={x,z}, D, ={y,t}. The calculation
of the weight of SIS is shown in Table 3. Therefore, S =

([0.4,1],[0.7,0.9]).

Definition 13. Let G be an IVIFG without INs. The weight of
an SAC Y is described as W, (Y)= ([Wﬁ?(Y), ng‘(Y)},
[W{;Z(Y)’ WlIIJCV(Y)D’ which Wac(Y) = <[nyEYtulé(xy)’ ZX}/EY

5 () [Xayer V() Zayer Vi (x9)])-

5
An SACN of an IVIFG G is denoted by a; (G) =« =
([asf, 5], a7, af"]), where
o' = min {Wﬁg(y)(Yis the SACs of G},
ocSLIJ“ =min {W 4 Y)‘Yisthe SACs of G},
(26)

asle = max {Wﬁg(Y)|Yis the SACs of G},

ag» = max { Wy (Y)|Y is the SACs of G}

A minimum SAC in an IVIFG G is an SAC with
minimum IVMBs and maximum IVNMBs.

Theorem 14. If G is a complete IVIFG, then

ocsl = min

uc ‘staSACznGwzth|Y| [

—
vl NS
—— N

—~
[\
~

~

“ = min {Wuc )‘YisaSACinGwith|Y|
oc v —max{

’staSACm Guwith|Y|z [

NS
_
W—/

och:max{ ]staSACmGwzth\Y\ [

SR
—
H/—/

Proof. Since G is a CIVIFG, so all arcs are SA, and each ver-
tex is neighbor to all others vertices. Also, the number of arcs
in SAC of both G and G* is identical because each arc in
both graphs is strong. Now, the SACN of G* is [#n/2]. There-
fore, the minimum number of arcs in an SAC of G is [n/2].
This completes the proof. O

Theorem 15. If K, , is a CB-IVIFG with partite set V; and
V. Then,

L

a" (K ):min{Wﬁ’g(Y)‘YisaSACinK with Y|

= max {|V,},|V2} .

01,03 01,02

with |Y]|

o (K,,, ) =min {WU (Y) j YisaSACinK, ,.

> max {|V, ], |V}

ocSLIV (K

= max {W{;g(Y)‘YisaSACinK

0.0, with |Y|
>max {|V,,|V,[}},

0.0,)

aly (K

S1

=max {W>(Y)|YisaSACinK
> max {|Vy|, [V} }.

with |Y|

01,02 ) 01,03

(28)

Proof. In K, , , all arcs are strong. Also, each node in V/ is
neighbor with all nodes in V, and contrariwise. Also, the
number of arcs in an SAC of both G and G* is identical
because each arc in both graph is strong. Now, the arc
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<[0.1,0.2], [0.2, 0.4] > <[0.3,0.5], [0.2, 0.5] >

O <[0.1,0.2], [0.2,0.5] > /‘)

<[0.1,0.2], [0.2, 0.4] >
<[0.2,0.5], [0.2,0.5] >

t (-
<[0.2,0.4],[0.1,0.3] >

<[0.2,0.4],[0.1,0.3] > <[0.2,0.6],[0.1,0.3] >

Fi1GURE 1: An IVIFG G for a strong node cover (SNC).

TaBLE 2: Calculating the weight of SISs.

L U
D W, (D) W, (D) Wi (D) Wy (D) W,.(D)
{y.t} 0.1+0.1 0.2+0.2 0.2+0.2 0.5+0.5 ([0.2,0.4], [0.4,1])
{x.y.2} 0.1+0.1+0.2 0.2+0.2+0.4 02+02+0.2 0.5+0.5+0.5 ([0.4,0.8], [0.6,1.5])
{x.z,t} 0.1+0.1+0.2 0.2+0.2+0.4 02+02+0.2 0.5+0.5+0.5 ([0.4,0.8], [0.6,1.5])
{2t} 0.1+0.2+0.1 0.2+0.4+0.2 0.2+0.2+0.2 0.5+0.5+0.5 ([0.4,0.8], [0.6,1.5])
{x,y,t} 0.1+0.1+0.1 02+02+0.2 02+0.2+0.2 0.5+0.5+0.5 ([0.3,0.6], [0.6,1.5])
{x. 5,2t} 0.1+0.1+0.2+0.1 02+02+04+02  02+02+02+0.2 0.5+0.5+0.5+0.5 ([0.5,1],[0.8,2])
<[0.2,0.7],[0.1,0.3] > <[0.5,0.6], [0.3,0.4] >
<[0.2,0.6], [0.3,0.4] >
) N

N A

w ~

(=} (=]

=) =

; =

(=} (=]

~ o

=) =

\% \%

D) (-
<[0.2,0.5], [0.4,0.5] >
<[0.3,0.5], [0.4,0.5] > <[0.2,0.5],[0.2,0.4] >
FIGURE 2: A strong IVIFG G for a strong independent set (SIS).
TaBLE 3: Calculating the weight of SISs.
D L, Uy L, U, W,.(D
W(D) W, (D) Wi (D) W (D) ne(D)

{x,t} 0.2+0.2 0.5+0.4 0.4+0.4 0.5+0.5 ([0.4,0.9], [0.8,1])

(.t} 0.2+0.2 0.5+0.5 0.3 +0.4 0.4+0.5 ([0.4,1],[0.7,0.9])
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covering number of K* _ is max {|V,|,|V,|}. Therefore,
the minimum number of arcs in an SAC of K|, , is max {

[V, [V,|}. Thus, the result is obtained. O

01,0,

Definition 16. Let G be an IVIFG. A set T of SAs in G so that
no two arcs in T have a common node is named an SIS of
arcs or an SM in G.

Definition 17. Let T be an SM in IVIFG G. If xy € T, then, we
say that T strongly matches x to y. The weight of an SM is
described as

W (T) = ( [Web(T), Wak (T)] [Wh (), WEH(T)] ),
W, (T) = < [Z E(XY)s D g () } {Z Vi), Y V‘.!(xy)} >
xyeT xyeT xyeT xyeT
(29)

An SMN of an IVIFG G is shown by S ( )= ﬁsl =
<[ﬂ51 ’ﬁsl }’ [ﬁsl ’ﬁsl ]>’ which

Bt = max { Wi, (T)| Tis the SMof G,

U U

s =max { Wi (T ’TistheSMofG ,
By = max { Wi (T) } 0
B¢ =min { Wk (T)|Tis the SMof G},

pY* = min { WY (T)|Tis the SM of G}.

A maximum SM in an IVIFG G is an SM of maxi-
mum IVMBs and minimum IVNMBs.

Theorem 18. If G is a CIVIFG, then

w T)‘TisaSMwith|T|

r—
N
-~ =

: T)‘TisaSMwith|T|

,_
N
-~ =

(31)

|TzsaSszth|T| {

NI
~ =

|TzsaSszth|T| {

N
[
H/—/

Proof. Since G is a CIVIFG, all arcs are strong, and each node
is neighbor to all other nodes. Also, the number of arcs in an
SM of both G and G* is identical because each arc in both
graph is strong. Now, the SMN of G* is |n/2|. Therefore,
the maximum number of arcs in an SM of G is |n/2]. Hence,
the result follows. O

Theorem 19. For a CB-IVIFG K,
V,

with partite set V; and
SL“ K = max Wf,*,; T TisaSMinK _ _with|T
1 0,0, 0,0,
<min {|V,},|V[} )
B (K, ) = max {WSL,:Q‘(T)‘TisaSM inK, , with|T|
<min {|V,}.[V[} },
Ber (Ky,,) =min { Wi (T)|TisaSMin K,
<min {|V,],[V,[}},
B (Ky,0,) =min {W0(T)|TisaSMinK, , with|T|
<min {|V,], |V,|} }.

with |T|

05,0,

(32)

Proof. In K, ., all arcs are strong. Also, each node in V| is
Y2

neighbor with all nodes in V, and contrariwise. Thus, the

number of arcs in an SM of both K, ; and K7 ; is identical

because each arc in both graphs is strong. Now, the SMN of
K ,, is max {|V,[,|V,|}. Therefore, the maximum number

of arcs in an SM of K, , is max {|V,|,|V,]|}.
Y2
Hence, the result is obtained. O

Example 3. Consider a strong IVIFG G is drawn in Figure 3.
All arcs are strong, and the SACs are as follows:

Y, ={xy, tz},
Y, = {xt,yz},
Yy ={yt, tx, yz},
Y, = {yt,xy, tz},
Y5 = {xy, yz, zt},
Yo = {xy, xt, tz},
Y, = {xt, %952},
Yy = {xt, zt, yz}.

(33)

The calculation of the weight of SACs is shown in
Table 4.

So, a,, = ([0.3,0.6], [0.6,1.4]).

Again, the two sets Y, and Y, are the only SAC and SM
in G. So,

W,(Y,) = ([0.3,0.6],[0.3,0.8]), -
W, (Y,) = ([0.3,0.7], [0.4,0.9]).

Hence, f; = ([0.3,0.7],[0.3,0.8]).
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<[0.1,0.2], [0.2, 0.4] > <[0.3,0.5], [0.2, 0.5] >
<[0.1,0.2], [0.2,0.5] >
N A
= n
(=] (=]
=3 =
3 =
(=] (=]
- o
=2 =
\% \%
t (-
<[0.2,0.4],[0.1,0.3] >
<[0.2,0.4],[0.1,0.3] > <[0.2,0.6],[0.1,0.3] >
FIGURE 3: A strong IVIFG G for strong maching (SM).
TaBLE 4: Calculating the weight of strong arc cover sets Y.
L U
Y Wt (Y) Wal (Y) Wz (Y) Wae () Wee(Y)

. 0.1+0.2 02+0.4 02+0.1 0.5+0.3 ([0.3,0.6],[0.3,0.8])
Y, 0.1+0.2 02+0.5 0.2+02 0.4+0.5 ([0.3,0.7], [0.4,0.9])
Y, 0.2+0.1+0.2 0.4+0.2+0.5 02+0.2+0.2 0.5+0.4+0.5 ([0.5,1.1], [0.6,1.4])
Y, 0.2+0.1+0.2 04+02+04 02+0.2+0.1 0.5+0.5+0.3 ([0.5,1], [0.5,1.3])
Ys 0.1+0.2+0.2 02+05+04 0.2+0.2+0.1 0.5+0.5+0.3 ([0.5,1.1], ]0.5,1.3])
Y 0.1+0.1+0.2 02+0.2+04 02+0.2+0.1 0.5+0.4+0.3 ([0.4,0.8], [0.5,1.2])
Y, 0.1+0.1+0.2 02+0.2+0.5 02+0.2+0.2 0.4+0.5+0.5 ([0.4,0.9], [0.6,1.4])
Y, 0.1+02+0.2 02+0.4+0.5 0.2+0.1+0.2 0.4+0.3+0.5 ([0.4,1.1], [0.5,1.2])

Example 4. Consider an IVIFG G is drawn in Figure 4.
All SAs are xt, zt, and yz, and all SACs are as follows:

Yy = {xt, yz}, (35)
Y, ={x«t, tz, yz}.

The calculation of the weight of SACs is shown in
Table 5. So, o, = ([0.4,1], [1.1,1.4]).

The set Y, = {xt,yz} is the only SIAC. So, B = W,,(
Y,)=([0.4,1],[0.7,0.9]).

Theorem 20. Let G be an IVIFG containing no IN. Then,

o+ Bt = Whe(V),

L, L, _ L,
“su‘ +ﬁsg =W (V)’ (36)
a + By = WU (V),

U
agr + v =W (V).

Proof. Let M, be a minimum SNC of G, which

ocsLo” Wk (MSO),

‘XSLOV = WLV (Mso)’ ( )
37

a" = WY (M),

al =W (M,).

Then, V- M, is an SIS of nodes. In other words, the
nodes in V' — M, are incident on SAs of G. Thus,

Bt = Whe(V =M, ) = Wh(V) - s = aif + Bt = Wh(V),
Uy U U, Uu Uu | pYu U
Bo 2 WY (V=M )= WY (V) - = o, + Bs, 2 WYr(V),
Bo <Wh (V=M )= Wh(V)—alr = alr + B < Wh(V),
B < W (V=M )= W (V) —alr = ol + B < W (V).
(38)

Let ﬁSLO" = W(Q,,), where Q is a maximum SIS of nodes

in G. That is, no two nodes in Q, are neighbor to each other
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<[0.2,0.7],[0.1,0.3] >

<[0.1,0.4], [0.5, 0.6] >

<[0.5,0.6], [0.3, 0.4] >

O

<[0.2,0.5],[0.3,0.4] >

C\ <[0.2,0.5], [0.4,0.5] > /)
~ =
) N

<[0.3,0.5], [0.4,0.5] >

<[0.2,0.5], [0.4,0.5] >

()

<[0.2,0.5],[0.2,0.4] >

FIGURE 4: An IVIFG G for strong independent arc cover (SIAC).

TaBLE 5: Calculating the weight of strong arc cover sets Y.

19

L

L
Wt (Y) Wl (Y) W (Y) Wee' (Y) W (Y)
Y, 02+02 0.5+0.5 0.4+0.3 0.5+0.4 ([04,1],0.7,0.9])
Y, 0.2+02+0.2 0.5+0.5+0.5 0.4+0.4+03 0.5+0.5+0.4 ([0-6,1.5], [1.1,1.4])

by an SA, and thus, the node in V - Q strongly covers all

SAs of G. Hence, V - Q is an SNC of G, and chLU” and (xslj"

are the minimum lower and upper of IVMBs, and ocsLo” and

ocg” are the maximum lower and upper of IVNMBs. So,

L L L L
ag SWh(V—Q, ) = Wh(V) = B = ) + o < Whe(V),
U, U, U, U
0550} < WU# (V_ qu) = WU[A(V) - [550} = (XSO} + [550” < WUF(V)’
alr 2 Wh (V= Q) = Wh(V) = B = alv + B = Wh(V),
alr 2 W (V-Q,) =W (V) - Bl = als + B = W (V).
(39)

From (38) and (39), we have

o+ Bt = Whe(V), o + B = WU(V),

L. L. L U U U (40)
(XSO" + ﬁsﬂv =W V(V)’ 0650" + ﬁsov =W ‘(V)

Definition 21. Let G be an IVIFG and M be an SM in G.
Then, M is named a PSM if M strongly matches each node
of G to some nodes of G.

Example 5. Consider an IVIFG G is drawn in Figure 5. All
arcs are strong, and the sets M, and M, are PSMs. The cal-

culation of the weight of PSMs is given in Table 6.

M, = {xt,yz},
M, = {xz, yt},
M; = {xt, xz, yz},
M, ={xt, ty, yz}.
So, B, =([0.6,1.3],[0.7,0.9]).
Hence, o, =([0.3,0.7], [1.2,1.6]).

Now, we introduced PD in IVIFGs using SAs based on
PSM. Also, some useful results are established.

Definition 22. A set D of nodes of IVIFG G is an SDS of G if
every node of V — D is a strong neighbor of some nodes in D.

Definition 23. The weight of an SDS D is defined as

Woa(D) = { Wi (D), W, (D), [ Wi (D), Wiz (D)),

(42)

or

W4(D) = < {Zué(xy% > uy (xy)], {Zvlﬁ(xy)) vy (xy)} >

x€D x€D xeD xeD

(43)

where u%(xy) and pj (xy) are the minimum lower and upper
of IVMBs and vj(xy) and v§ (xy) are the maximum lower
and upper of IVNMBs of SAs incident on x, respectively.
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<[0.3,0.6],[0.2,0.4] >

<[0.3,0.6],[0.2,0.4] >

<[0.4,0.7],10.2,0.3] >
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<[0.2,0.5], [0.1, 0.3] >

<[0.1,0.2], [0.5,0.6] >

<[0.1,0.2], [0.5, 0.6] >

FIGURE 5: An IVIFG G for perfect strong matching (PSM).

TaBLE 6: Calculating the weight of perfect strong matchings M.

M W (M) Wk (M) Wh (M) W (M) W, (M)

M, 03+0.1 0.6+0.2 0.2+0.5 0.4+0.6 ([0.4,0.8], [0.7,1])
M, 0.1+0.2 02+0.5 0.5+0.2 0.6+0.3 ([0.3,0.7], [0.7,0.9])
M, 0.3+0.1+0.1 0.6+0.2+0.2 02+0.5+0.5 0.4+0.6+0.6 ([0.5,1], [1.2,1.6])
M, 03+0.2+0.1 0.6+0.5+0.2 02+0.2+0.5 0.4+03+0.6 ([0.6,1.3],[0.9,1.3])

An SDN of an IVIFG G is denoted by y,(G) =y, =
L, U
(Iys"> ps 1> vk, yU+]), where

L,

yfu = min { W (D) |Dis the SDSsof G},
W,

= min sd

" )‘Dis the SDSs of G},

LV

o ’DIS the SDSs of G}

y?» = max

{
max{W
{W y )’DistheSDSsofG}.

Definition 24. Let G be an IVIFG. A set D of nodes is
named to be an SPDS if D is an SDS and the IVIE-

subgraph induced by D has a PSM. The weight of an
SPDS D is described as W, (D) = ([W,%(D), W (D)L |
L

spd
u, .
W4(D), W,u(D)]), which

xeD xeD

Woa(D < [ZD!‘B xy), ZD!‘B Xy } {ZVIL;(X)’)’ ng(xy)} >

(45)

An SPDN of an IVIFG G is denoted by y,,,(G)=

L U,
Vopa = Vg Vi Vops Vipu])» that

yfgd = min {Wf;d(D) Dis the SPDSs of G},
U, U, .
Yepa = Min {Wspd(D) Dis the SPDSs of G},
(46)
Yy = max { W, (D)|Dis the SPDSs of G},
y;ji = max {ngi(D) Dis the SPDSs of G}.

Example 6. Consider an IVIFG G is drawn in Figure 6.
All SAs are xt,zt, and yz. The PDs in G are D,, D,,
and D,;. The weights of these sets are calculated as
follows:

D, ={xy},
D,={z1}, (47)
D;={x,y,2,t}.

Table 7 shows the calculation of the weight of PDs.
Hence, y,,;(G) = ([0.4,1], [1.4,1.9]).
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<[0.2,0.7],[0.1,0.3] > <1[0.5,0.6], [0.3, 0.4] >
<[0.1,0.4], [0.5, 0.6] >
_/ N

N A

n =

(=} (=]

= o

=2 =)

o @

(=} (=]

=3 =

\ \%

) (-
<[0.2,0.5], [0.4,0.5] >
<[0.3,0.5], [0.4,0.5] > <[0.2,0.5], 0.2, 0.4] >
FIGURE 6: An IVIFG G for strong paired dominating set (SPDS).

TaBLE 7: Calculating the weight of paired dominating sets.

D D Je(D wh (D wY (D W,q(D)
( ) Wspd ( ) spd ( ) sp ( ) spd

D, 02+0.2 0.5+0.5 0.4+0.2 0.5+0.4 ([0.4,1],0.6,0.9])
D, 02+0.2 0.5+0.5 0.4+0.4 05+0.5 ([0.4,1],[0.8,1])
D, 02+02+0.2+0.2 0.5+0.5+0.5+0.5 04+0.2+0.4+0.4 0.5+0.4+05+0.5 ([0.8,2], [1.4,1.9])

FIGURE 7: Scientific community network of researchers.

Theorem 25. Let G be a CIVIFG. Then,

L
Vo = 245(x),
YSLI:d = 2vi(xp),
U,
Vo = 245 (%9);

U’V
yspd = ZVJLBJ (xy)’

where uk(xy) and uJ (xy) are the lower and upper of IVMB
and vi(xy) and v (xy) are the lower and upper of IVNMB
of any weakest arc in G, respectively.

Proof. Since G is a CIVIFG, all arcs are strong, and every ver-
tex is neighbor to all other vertices. Then, any set consisting
of two nodes {x;,x,} in G forms an SPDS. Hence,

L
Vo = Hp(X) + H5(x) = 2p5(xp),

(48)
U
Vopi = M (x) + tay () = 2045 (), )
Vipa = VB() + Vi(xy) = 2v5(x9),
Vipi = Vi (39) + Vi (29) =295 (),
where xy is the weakest arc in G. O
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TABLE 8: Data set. TaBLE 9: The IVIFNSs of scientific communities.

Number of  Average attendance Vertices Communities The IVIFNs corresponding to

Vertices =~ Communities .
members of members each community.

a Biology 35 30 a Biology ([0.80,0.90], [0.05,0.10])
b Chemistry 25 21 b Chemistry {[0.79,0.89], [0.11,0.21])
c Engineering 55 45 c Engineering ([0.76,0.86], [0.14,0.16])
d Information 75 60 Information
technology FIT) d technology (IT) ([0.75,0.85], [0.10,0.15])
e MatheTn.atlcs 40 32 . Mathematics ([0.75,0.85), [0.10,0.15))
f Medicine 50 45
. Physics 30 » f Medicine ([0.80,0.90], [0.5,0.10])
h Social sciences 45 37 g Physics ((0.75,0.85], [0.10,0.15])
h Social sciences ([0.77,0.87],]0.10,0.13])

4. Application

Social networks are a group of individuals or organizations
with common tastes or interests that come together to achieve
specific goals. Each member is named an actor. Social net-
works are characterized by complex relationships and interac-
tions between actors. The main reasons for creating social
networks are individual relationships, labor relations, scientific
relations, shared tastes, interests and hobbies, sociopolitical
motives, and virtual network analysis.

Graphs are used as a mathematical tool to represent and
analyze a social network by visually representing social net-
works. In these graphs, the actors are considered as vertices
of the graph, and the connections between them are dis-
played by the edges of the graph. Intuitively, the edges are
distributed on social networks locally. This means that the
number of edges distributed among a group of vertices is
much greater than the number of distribution edges among
this group of vertices and the rest of the vertices of the graph.
This feature, which can be seen in graphs related to real data,
is called a community. In some sources, the community is
also called a cluster or module. In other words, communities
are a set of vertices that are more likely to share common
features than the rest of the graph. Since people in forums FIGURE 8: The scientific communities IVIEG.
on a social network are more likely to have common interests,
this information can be used to promote specific products by
finding their interests. Most online social networks have over-
lapping communities. This means that these networks are
made up of overlapping communities, and one vertex can Edges IVIENs Edges IVIENs
belong to more than one community. Figure 7 illustrates the

TaBLE 10: IVIFNSs of relations between scientific communities.

social network of researchers in a country that is a member ab ([0.97.089), [0-110.21])  df  ([075.0.8], [0.10,0.15])

of different scientific communities according to the subjects ac ([0.76,0.86], [0.14,0.16])  dg  ([0.75,0.85],[0.10,0.15])

under study. These communities include chemistry, biology, ad ([0.75,0.85],[0.10,0.15))  dh  ([0.75,0.85], [0.10,0.15])

.erllgineerin.g, informatif)n te.chnology (IT), mathematics, med- be (0.75,0.85,[0.11,021])  ef  ([0.75,0.85], [0.10,0.15])

icine, physics, and social sciences. Table 8 shows the number

of members of each community and the average number of ~ bf ([0.79,0.89],[0.11,0.21])  eh  ([0.75,0.85],[0.10,0.15])

members present at the meetings. od ([0.75,0.85],[0.14,0.16])  fh  ([0.77,0.87],[0.10,0.13])
In the eYaluations made by the memt?ers on the effect o ([0.760.86], [0.140.16))  gh  ([0.75,0.85], 0.10,0.15])

of community on the scientific promotion of members,

since the mentioned variables have uncertain values, so ce ([0.75,0.85], [0.14,0.16))  cg  ([0.75,0.85],[0.14,0.16])

for each community, we considered an interval-valued
intuitionistic fuzzy number as the amount of influence of
community on its members. Since the presence of
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Step 3. Repeat Step 2 to select all possible vertices.

Step 1. Consider vertex x as a member of F. Then, remove all adjacent vertices of x.
Step 2. Consider another arbitrary vertex in the remaining graph as a new member of F.
Depending on which member of the remaining vertex set is selected, different independent sets, including x, are obtained.

ArcoriTHM 1: Finding the maximal SISs F of G containing an arbitrary vertex x.

TaBLE 11: Calculations for finding maximal SISs in the IVIFG of
Figure 8.

Step 1 Step 2 Step 3 SISs
. " facgl
f 8 {a.f g}
a g f {a,g.f}
e {a,g.e}
{a,h}
h {b,c,h}
{b.d}
{b.gt
c {b,h,c}
{c,b,h}
{c,h,b}
{d,b}
{de}
g {e.a,g}
{e.d}
{e.ga}
{ta,g}
{fg.e}
{g.a.f}
{gael
{g.b}
{gea}
{g:fa}
{h,a}
c {h, b, ¢}
{h,c,b}

O Uy e AL o O DT o 5| o0 o
o

0O o ® o~ o O
(SIS o o 0 W

o

members in the meetings of the community is effective on
the scientific promotion of members, we introduced the
ratio of the average number of members present in the
meetings to the total number as an IVIFN. For example,
studies have shown that the biology community is 80 to
90 percent effective in advancing the science of its mem-
bers and 5 to 10 percent ineffective. These values are spec-
ified in Table 9.

The strong relationships between scientific communities
are illustrated in the form of an IVIFG in Figure 8. In this
IVIFG, the membership values of the edges are the effect that
the members of the two communities have on their scientific
advancement. For example, the collaboration between the
two communities of chemistry and medicine is about 79 to
89 percent effective in the scientific advancement of the

members of each community and 11 to 21 percent ineffec-
tive. These values are shown in Table 10.

In general, there is no polynomial algorithm for finding a
maximum independent set for an arbitrary graph. This
means that it is not possible to access such a collection in a
short time. To obtain the maximal SISs in IVIFG with a
small number of vertices, we use the following instructions.

Since all edges are SA, so by applying the above steps for
all vertices on the IVIFG of Figure 8, all maximal SISs and
cardinalities can be seen in Table 11. Now, by calculating
the cardinal of all the SISs obtained from the above steps,
we can also determine the maximum SISs.

The maximum SISs are D, ={a,e,g}, D,={a.f, g},
and D, = {b, ¢, h}.

After calculating the weight of the above sets, we have
W(D,) = ([2.25,2.55],[0.42,0.58]), W(D,) = ([2.25,2.55], [
0.42,0.53]), and W(D;) = ([2.25,2.55), [0.35,0.52]).

Therefore, D, has the maximum weight of membership
and the minimum weight of nonmembership, so it can be
chosen as the best option. It is interesting to know that D,
also has the maximum number of members in scientific
communities. That is, strong independent scientific commu-
nities include chemistry, engineering, and social sciences.

Suppose knowledge-based companies intend to orga-
nize an exhibition at the meeting place of scientific com-
munities to acquaint researchers with their scientific
products. Researchers at the knowledge-based companies
can be members of various scientific communities. The
goal is to hold as many exhibitions as possible at the same
time provided that each knowledge-based company has a
maximum of one exhibition in a specific time period and
to hold another exhibition at different time intervals. In
this case, the maximum independent set is the maximum
number of exhibitions that can be held at one time in sci-
entific communities.

5. Conclusion

Analysis of uncertain problems by IVIFG is important
because it gives more integrity and flexibility to the system.
An IVIFG, as an extension of FGs, has good capabilities in
dealing with problems that cannot be explained by FGs.
They have been able to have wide applications even in fields
such as psychology and identifying people based on cancer-
ous behaviors. In this paper, covering and matching have
been defined in IVIFGs using strong arcs. These concepts
are introduced as an interval-valued intuitionistic number.
One of the advantages of this method is that the amount
of defined parameters can be expressed and compared in
terms of membership and nonmembership. Also, the
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concepts of SNC, SIN, SAC, and SM in IVIFGs are deter-
mined, and the relations among them have been obtained.
Furthermore, we have introduced the PD and SPDN in
CIVIFG and CB-IVIFG. Since the parameters being studied
are interval values, comparisons of these parameters may be
limited in an IVIFG. Finally, we have presented an applica-
tion of IVIFG in social networks. In their future work, the
authors try to study the concepts of m-polar IVIFGs.
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