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Abstract

The notion of vector valued sequence space is a generalized form of spaces of scalar valued sequences,
and its terms consist of sequences from a vector space. In this work, we shall study some conditions that
characterize the linear space structures and containment relations of the space of sequences whose terms
from a product normed space.

The aim of this paper is to deal with a vector valued sequence space I, (4 xB, || . ||, v, 1) with its terms
from a product normed space A x B. We shall also investigate the linear space structure of 1,, (4 x B, || . |,

v, 1) with respect to co-ordinatewise vector operations, the primary interest is to explore the conditions

in terms of UWand y so that a class 1, (4 xB, ] .|, v, U) is contained in or equal to another class of the
same kind .

Keywords: Sequence space, generalized sequence space,; product normed space.

*Corresponding author: E-mail: jagatpokhrel.tu@gmail.com;



Pokhrel; ARJOM, 9(3): 1-11, 2018; Article no.ARJOM.40422

1 Introduction and Preliminaries

Let A be a normed space over |, the field of complex numbers and let w(4) denotes the linear space of all

sequences a = (a;) witha; € A, k > 1 with usual coordinatewise operations. We shall denote o ( |) by o.
Any subspace S of ® is then called a sequence space. A vector valued sequence space or a generalized
sequence space is a linear space consisting of sequences with their terms from a vector space.

Let (4, || . ||l,) and (B, || . ||z) be Banach spaces over the field | of complex numbers. Clearly the linear space
structure of 4 and B provides the Cartesian product of 4 and B given by

AXB={<a,b>:a€Ad,beB}
forms a normed linear space over | under the algebraic operations

<a;,b>+<ayby>=<a +ay,b +b>
and a<a,b>=<oaa, ab>

with the norm
[ <a,b>|=max {[[all b5},
where < ay, b;>, <ay, by><a,b>c AxBand a e |.

Moreover since (4, || . ||4) and (B, || . ||z) are Banach spaces therefore (4 x B, || <., .>||) is also a Banach
space.

The various types of vector valued sequence spaces has been significantly developed by several workers for
instances, we refer a few [1,2,3,4,5,6,7,8].

Subsequently, in the works [9,10,11] and many others have introduced and examined some properties of

bilinear vector valued sequence spaces defined on product normed space which generalize many sequence
spaces.

2 The Vector Valued Sequence Space [/, (A x B,

> ¥, 1)

Let u= () and v = (v) be any sequences of strictly positive real numbers and y = (y,) and p = () be
sequences of non-zero complex numbers.

We now introduce and study the following class of Banach space 4 X B -valued sequences:

L(AxB|. |, v.0) = = (<ai, b>) i <ap, b= e Ax B, "\ llv<a, b= " <o},
Further, when y, =1 for all k, then L, (A4 x B, || .|, v, u) will be denoted by I, (4 x B, || . ||, %) and when
ue=1forall k then L,(AxB,]| .|, v, u) will be denoted by L, (A4 x B, || .1, ).

3 Main Results

In this section we shall derive the linear space structure of the class L, (4 x B, || . ||, v, %) over the field C of

complex numbers and thereby investigate conditions in terms of #, v, y and m so that a class is contained in



Pokhrel; ARJOM, 9(3): 1-11, 2018; Article no.ARJOM.40422

or equal to another class of same kind. As far as the linear space structure of I, (4 x B, || . ||, v, u) over C

is concerned we throughout take the co-ordinatewise vector operations i.e., for w = (< @, by >),z = (< '),

bv>)inl,(AxB,| .||, y,u) and scalar o, we have
wHz=(<a, bp>) +(<dy, by >) = (Sap +dy, by + by >)
and

ol = (a < ag, by >) = (< aay, abc>).

sup

© W< ®© and we see below that Sl;p

Further, by u = (1) € Ay, we mean u, < o is the necessary condition

for linearity of the space.

We shall denote M = max (1, Sl;p uy) and A(o) = max(1, |a|). The zero element of the space will be denoted
by

0=(<0,0>,<0,0>,<0,0>,...).
Theorem 1: L, (A x B, ||.||, v, u) formsa linear space over C if and only if u = (1) € /..
Proof:

For the sufficiency, assume that 7 = (1) €l and W= (< a;, by >) andz = (< a', b'%>) € Ao (A X B, v, 1) .
|I) .So that we have

Pl < an, > || <ooand S [y <y, > < o,

Thus considering

P (< ap, be>+ <al, )5 <SP lye<ay, b [+ 5Py <a, by v
Sup N Ul M
and we see that k lve(Sa, by>+<dy, b'v>)| < o

and hence w+z € [, (A xB,|.|,7,u). Similarly for any scalar o, we have aw € L, (4 xB, || . || , ¥, %)
since

P lloye<ay, be>|tm =P jof ||y, <ay, by> ||t
<A@™P |lye<ap, B> |4 < o,
Conversely if u = (i) ¢ (., then we can find a sequence (k(7)) of positive integers with

k(n)<k(n+1),n>1
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such that u,, > n for each n > 1. Now taking <r,t> e 4 X B, || <r, t > || = 1 we define a sequence

17}:(<akabk>)by

xka)n “w <r, t> fork=kn),n>1 ,and

<ay, b, > ={ .
<0, 0>, otherwise.

where <r,t> e A x Bwith || <r, t>|| =1, then we have

Su; Su
kp vk <ax, bi> " = np | Vet < @iy Dy > || "4

= Sup || n 7 <y g > "
n

_osupl _
=, 5 -L
Thus we easily see thatw € L, (4 x B, || .||, y,%) but on the other hand for k = k(n), n > 1 and for the

scalar
o =2, we have

Su Su
Pl Ca<ap, > ) 1% = 2P i (@< @y s bagy ™) o

= S it 0w <r £

>sup2_

— Sup 12| “ew 'l >1
n n n n
This shows that o w & /., (4 X B, y, u,|| . || ). Hence L, (4 x B, || .||, v, u) will form linear space
if and only if u = (u;) € /..
Theorem 2: Forany u=(u), L. (AxB, | .|, v,u) € L (AxB,]| .|, ) ifandonlyif
Yk
tim %P | &) > 0,
Mk
Proof :
_inf |y | _ - )
Suppose lim an >0,andw=(<ay,b>) €l,(AxB,| .||, v, u) . Then there exists m > 0, such that
k

mlu] “ < [yil

for all sufficiently large values of k. Thus

sup sup 1
v Te<ae, o> 1" < 70 llve<ar, be>||" < o

for all sufficiently large values of k, implies that w € [, (A x B, || . ||, ., %). Hence
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Lo (A B, ||l v, u) Lo (AxB, .|, pu).

Conversely, let

Le(AXB, |||l v,u) €l (AxB, || ||, )
. inf |y | ™ o .
but lim k| = 0. Then we can find a sequence (k(n)) of positive integers with
k

k(n)<k(n+1),n>1
such that

Ikl > il )
So, if we take the sequence w = (< @, , b;>) defined by

Yerll)< r, t>, fork=k(n),n>1 ,and

<ay, by > ={ .
<0, 0>, otherwise.

where <r,t> € A x Bwith || <r, t>|| = 1, then we easily see that

Su; Su
kp v < ai, be> || "= np | Vet < @ktnys Drny> |1 v

=SPl<r >0 =1
n

Suj u Su; u
and , Dl < i b 1= S g < @, b >l
_ sup{ B | iy I<r t>] L,k(,,)}
n Y(n)
~sup
n
Hence we L, (AxB,| .|, y,u) butwe L, (AxB,| .|, uu) ,acontradiction. This completes the
proof.
Theorem 3: Forany u=(u), Lo (A X B, || .|, %) < Lo (AxB,|.|, v, %)
sup | Yk i
ifand only if  lim >} < 0.
Mk
Proof:
sup | Yk K —
For the sufficiency, suppose lim kp " <o, andw=(<a;,b;>) €l (AxB,| ., uu.
k

Then there exists L > 0, such that
Lipg " >y ™

for all sufficiently large values of k. Thus
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Su; su
kp Ve < ax, bp> " < kp Ll we<a,be>||" <o,

for all sufficiently large values of k, implies that w € L, (A x B, || .||, v, 1). Hence

Li(AxB,| .|, mu) <L(AxB,| .|, v,u).

For the necessity, suppose that

ZOC(AXBSHHSﬁaﬁ) CZOO(AXBSHHs ?aﬁ)

U

but lim supy = o0, Then we can find a sequence (k(n)) of positive integers

i
e

k(n)<k(n+1),n>1
such that

1l gen| "k <] Yym| ", for eachn 2 1

For<r,t>e A x Bwith || <r, t>]| =1 we define sequence w=(<ay, b,>) such that

1
< > = >
<ay, by > —{Hk(n) r, t>,fork=k(n),n=1 ,and
<0, 0>, otherwise.

Then we easily see that

Sy su;
e < a b= 11 =P 1 g < i b > 11

— Sup H<r7t>|‘“kw =1
n
su w _SU u
and e <ai, B> 1% =" Yy < @an bagn > %
=sup{ Y| o, I<r, t>”um)}
n “’(n)
~sup
n
Hence w € L, (AxB, | .||, p,u) butwel,(4xB,|.|, v, u) ,which leads to a contradiction.
This completes the proof.
When Theorems 2 and 3 are combined, we get
Theorem 4: Forany u= (1), Lo (AxB,| .||, v, u) =L (AxB,|.|, un)
. . . inf _Yiuk . sup _}’Luk
ifand only if 0 <lim ", <lim ™) < oo,
Mk i
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Corollary: For any u = (u),

_ inf
() L(AxB .|, v,u) <L (AxB,].|, u) ifandonlyiflimu,i el “> 0;
(i) L.(AxB,| .||, u) <L (AxB,]|.|,v,u) ifand onlyif lim S‘;P byl < oo
(i) Lo(AxB,|.||, y.u) = lL,(AxB,|.|, u) ifandonlyif

0 < lim “,:f e < Tim 5P ) < oo,

Proof:

Proof follows if we take p; = 1 for all k in Theorems 2, 3 and 4.

Theorem 5: Forany y=(v), Lo (AxB, ||. ||, v,u) < L (AxB, .|, 7,7)

up Y o

. pgs S
if and only if lim =’ »

Proof:

Let the condition hold. Then there exists L > 0 such that v, < Luy for all sufficiently large values of k. Thus
Sl;(pllYk<ak, bi>1|"r < N for some N> 1
implies that

Su; )
P < an, bl < N

andhence L, (AxB,| .|, v,u) < L (AxB, .|, v, V).
Conversely, let the inclusion hold but lim Sl}{p :—l; = oo. Then there exists a sequence (k(n)) of positive integers
with

k(n)<k(n+1),n>1
such that
Vi) > 1 Uy , 12 1.
We now define a sequence w = (< @, , b;>) as follows:

<a b > :{yk(i)Z P <y, t>, fork =k(n),n>1 ,and

<0, 0>, otherwise.
where <r,t>e AxBwith || <r,t>|=1.

Then for k = k(n), n > 1, we easily see that
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Su; Su;
kp vk < ax, b> || "= np | Vi) < @agays Biiy> ||

=25 | <, > | =2

su SUj
and, *P Ive<ar, 6> 11" =P 4 < @y by >l s
= S‘ip H 2 V) < r, t> ||Vkm,

>sup2,,:OO.
n

Hence w e L, (Ax B, ||.]|, y,u) butwel,(AxB,].|, y,V),a contradiction.

This completes the proof.

Theorem 6: Forany y= (v, L (AxB, | .|, v.,V) €l (AxB,| .|, v, %)

if and only if lim I 2> o,
Ug

Proof:

Let the condition hold and w= (< a,, by>) € L, (A x B, || . ||, ¥, V) .Then there exists m > 0 such that v, < m
uy, for all sufficiently large values of k and

Sl,ip | ve < ax, by>||"s <N for some N> 1.
This implies that

su 1/
Plve<a, > <N

ie,w=(<ay,b>) &l,(AxB,]| .|, v, u) and hence
ZOC(A XB, H . Hs ?,V) CZOC(AXBS H . H’ ?,E)
. . . inf v "
Conversely let the inclusion hold but lim k M_k = 0. Then we can find a sequence (k(n)) of positive
integerswith k(n) <k(n+1),n>1
such that
1 Vi) < Uemy, 12 1.

Now taking <r,t> € 4 x B with || <r, t>|| = 1, we define the sequence w = (<a;, b;>) by

-1 51y _
<ak, bk > {Yk(n)2 k() <I’, t>, fOI'k— k(n), n>1 . and

<0, 0>, otherwise.
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Then for k = k(n), n > 1, we easily see that

su su

P Ve <aw,bp>|" = P | Vktny < @enys By > 11"
k n

=25 <>k =2

su su
and Pl <ac, B> 1= P i < @, b > o
= S]:p |2 P < r, > w

>Sgp2”:oo.

Hence w € L, (Ax B, | .||, v,v) butwel,(AxB,| .|, y,u), acontradiction.
This completes the proof.

On combining Theorems 5 and 6, we get the following theorem:

Theorem 7: Forany vy = (y0), Lo (A x B, || . |l, v, W) =L (AxB,| .1, v, V)
ifand only if 0 <lim "2 < Jim SUP 2 < op
Uy k Uy
Corollary: For any v = (yy),
() Lo(AxB,|.|. v) SL(AxB.| .|, v, %) ifand only if lim *}P 1, < co;
() Le(AxB]|.|, v.u) cl.(AxB,|.|, v) ifand only ifnm“,:fup 0;
(i) Lo (AxB,||.|, v,u) =L, (AxB,]| .|, y) ifand onlyif

. inf . su
0<lim k uy < lim kpuk<oo.
Proof:

Proof easily follows when we take u; = 1 and v; = u; for all k in theorem 5, 6 and 7.

Theorem 8: For any sequences y = (Yy), 1 = (1), % = (1) and v = (),

L(AxB, || .|, v,u) Ll (AxB,|.|, 17
ifand only if (i) lim ™ | X " 0, and (i) Tim SUP % o
L ’ k- uy
Proof:
Proof directly follows from Theorems 2 and 5.
In the following example we show that L, (4 x B, || . ||, v, %) is strictly contained in L, (4 x B, || .||, v, V)

however (i) and (ii) of Theorem 8 are satisfied.
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Example:

Let w = (<a;, b;>) be a sequence in Banach space 4 X B such that
< ai, bi>|| = k"

Take u; = k™' if k is odd integer and u;, = k2, if k is even integer, v, = k for all values of k, Vi = 3* for all
values of k; and p;, = 2% for all values of k. Then

uy 12

3 3
Lel o2 if k is odd integer and L) (—) , if k is even integer.
M 2 M 2
_inf |y | o L
Thus lim k| =1 i.e. condition (i) of Theorem 8 is satisfied.
k

N/ S . v o . o
Further since u—k =% if k£ is odd integer and u—k =1, if k is even integer, therefore condition (ii) of Theorem 8
k k

. . . supv
is also satisfied as lim kp £-1.
Uy

We now see that w=(<ay, b;>) € L, (AxB,]||.|, n,v) forallk>1as

s v S
llip | e < ay, bp> || = ip Qi)\* < 2,

butw=(<a,b>) &L, (AxB,| .|, v, u) , when kis odd integer as

Su; u Su;
Fllve<a, > o= NP 3k = o0

This shows that the condition (i) and (ii) are satisfied but L, (4 x B, || . ||, v, @) is strictly contained in
ZGC(A XB’ H . Hs ?,V)
4 Conclusion

This paper establishes some of the results that characterize the linear space structures and containment
relations on the space of sequences whose terms from a product normed space. In fact, these results can be
used for further generalization and unification to investigate the properties of the various existing sequence
spaces studied in Functional Analysis.
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